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Section Check In – Pure Mathematics: Calculus (differentiation)

Questions



1.	Given that , find the value of .



2.	Find the equation of the tangent to the curve  at the point .




3.*	The equation of a curve is. Find  and deduce that  is increasing for all 

	positive values of .



4.*	Find the gradient of the curve  at the point .



5.	Given that , use differentiation from first principles to show that .






6.*	Show that the curve , where  is a constant, has a stationary point when  and a point of inflection when . State the set of values of  for which the curve is concave.


7.	The equation of a curve is . Find the coordinates of the stationary points and determine whether each stationary point is a minimum or a maximum.



8.*	The parametric equations of a curve are  for . 

	Find the exact gradient of the normal to the curve at the point for which .




9.	A balloon is released into the air at a funfair. When the balloon is a horizontal distance of from the funfair, its height is  where . Find the greatest height reached by the balloon.




10.*	The number of fish of a certain species in a large lake depends on the temperature of the water. Models giving the number of fish,, and the mean annual temperature, °C, of the water at a time  years from now are


   and   .
	(i)	How many fish are there in the lake now?

	(ii)	Find the rate per year at which the number of fish will be increasing at a time  years from now.
	(iii)	Comment on any limitations of these models for predicting the numbers of fish.


Extension




The process of differentiation can be extended beyond first and second derivatives to find third, fourth derivatives and so on. The th derivative is denoted by . For each of the following functions, find the early derivatives and suggest a formula for the th derivative.

(i)	,

(ii)	,

(iii)	,

(iv)	.


Worked solutions




1.	Writing  and differentiating twice,  and 


	Substituting  gives 



2.	Differentiating  gives 


	When , 


	Equation of tangent is  or 



3.	Writing  and differentiating using the chain rule,
	A function is increasing when the first derivative is positive




	For all values of ,  is positive and, if ,  is positive


	Hence is increasing for all positive values of 

4.	Using the product rule and ‘implicit differentiation’,

	




	Substituting  and  gives  and therefore 


	Gradient of curve is  or  at the given point


5.	


		  , dividing by 




	As  tends to zero,  and  leaving 


6.	Differentiating, 



	For stationary point,  giving  since 



	Solving,  and therefore  or  at the stationary point
	Differentiating,

	


	For point of inflection, second derivative is zero giving  and 


	Curve is concave when second derivative is negative, giving  and 


	Point of inflection is when  with curve changing from concave to convex as  

	passes through the value 



7.	From , differentiation gives 




	For stationary point,  giving  and therefore  and 

	To consider nature of stationary point, use second derivative 




	When ,  and ; hence is maximum




	When ,  and ; hence is minimum



8.	 giving 

	If 


	Gradient of tangent is  and so gradient of normal is 


9.	Greatest height corresponds to maximum value of , i.e. when 


	 and differentiating gives 


	For stationary point,  leading to 

	Since  is negative, stationary point is a maximum


	When , 

	Greatest height reached is metres




10.	(i)	‘Now’ corresponds to  giving  and 
		Number of fish must be whole number, giving 1051 (approximately – for a model such 
		as this, figures are unlikely to be precise).





	(ii)	Need to find , the rate of increase of  with respect to time, when  using 


		Differentiating,  and 



		When  giving   and  

		Substituting, 
		Number of fish will be increasing at approximately 47 per year.


	(iii)	Other factors may influence the conditions such as short-terms variations in the water temperature at crucial times, changes in the quality of the water in the lake, changes in the presence of fish predators, changes in the use of the lake by humans


Extension



(i)	 suggesting 



(ii)	Differentiating  using the product rule gives the early derivatives 

	These suggest that 



(iii)	Differentiating  gives 

			                                         

			                                         

			                                         


By not simplifying at each stage, it is possible to detect the pattern emerging and this suggests that  and this simplifies to give 



(iv)	Differentiating  successively using the chain rule (and not simplifying the derivatives) leads to 
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