[image: C:\Users\marxsu\Desktop\asa_mathsbmei_landscape.png]
Section Check In – Pure Mathematics: Proof

Questions




1.*	 and  prove that .


2.	Prove the following result .

3.	Prove by exhaustion that, in the set of natural numbers less than 50, there are fewer square numbers than prime numbers.




4.	Let p be a prime number such that . Prove, by exhaustion, that for all such p,  is divisible by .



5.*	Prove by deduction that the sum of all even numbers less than or equal to  is divisible by. You may find the arithmetic series results helpful.



6.*	Prove by contradiction that the curves  and  do not cross.

7.	Prove that an integer is divisible by 5 if and only if it is the sum of five consecutive integers.


8.*	(i)	Find a counter example to disprove the conjecture that curves of the form  
do not cross the x-axis.

	(ii)	Find a counter example to disprove the conjecture that an asymptote cannot be crossed by a curve by considering rational functions of the form 



			 where .

9.	A cylindrical tin to hold food needs to have a volume of 500 cm3.

	(i)	Prove that a tin with diameter equal to its height has minimum total surface area for this volume.

	(ii)	Jason measures a tin with volume 500 cm3 and finds that it has height 11 cm. Show that Jason’s tin has about 1% more surface area than a tin with minimum surface area.






10.*	(i)	Prove by contradiction that for any integer ,  and  do not have a prime factor 
			in common.


	(ii)	Explain why this implies that  must have at least two distinct prime factors.


	(iii)	What can you conclude about the number of distinct prime factors which  has?

	[This was the basis of Filip Saidak’s proof of the infinity of primes in 2005.]




Extension

1.	Read about Filip Saidak’s proof of the infinity of primes.




2.	If the circle  and the line  do not meet prove that .



Worked solutions


1.	


2.	

	Proof:


	

	

	

	

	Hence proven.

3.	Proof by exhaustion:


	All square numbers less than  are 


	All prime numbers less than  are 
	Therefore there are fewer squares than primes.

4.	Proof by exhaustion:

	

	

	Multiple of 8?

	3
	2(4)
	8

	5
	
4(6)24
	3(8)

	7
	6(8)
	6(8)

	11
	10(12)
	15(8)

	13
	12(14)
	21(8)

	17
	16(18)
	36(8)

	19
	18(20)
	45(8)

	23
	22(24)
	66(8)






Therefore for p prime such that ,  is divisible by .


5.	

	

	

	


	Therefore the sum of all even numbers less than or equal to  is divisible by .







6.	Suppose the curves cross.

	At the crossing points, .

	

	


 or  but there are no real values of x for either of these. So the original assumption that the curves cross must be untrue. The curves do not cross.

7.	Since this is an if and only if statement, it needs to be proved both ways.

	Suppose an integer is the sum of five consecutive integers.





	Let the integers be , , , , .

	Sum  which is divisible by 5.
	So

	Integer is sum of five consecutive integers  integer is divisible by 5.

	Suppose an integer is divisible by 5.

	The integer can be written as  where n is an integer.

	 which is the sum of five consecutive integers.

	Hence

	Integer is sum of five consecutive integers  integer is divisible by 5.


8.	(i)	Use graphing software to check that your example is a true counter example with a curve which crosses the x-axis.



You could search for a counter example by considering transformations of the curve  or by looking for values of a, b and x for which .


			For instance, .

[image: ]

	(ii)	Use graphing software to check that your example is a true counter example with an asymptote which is also crossed by the curve itself.



	For instance,  has the x-axis as an asymptote but also crosses the x-axis at .

[image: ]





9.	(i)	Volume 

		

		Surface area (say)

		So 

			  


		For minimum 

		So .

		

		   
		The height is twice the radius, hence equal to the diameter.

		It remains to show that this is a minimum rather than a maximum.

		. This is positive so the surface area is a minimum.


	(ii)	

		Minimum surface area 


		 and 

		

		 i.e. about 1% more.




10.	(i)	Suppose  and  have a prime factor, p, in common.

		

		 where s and t are integers.




		Subtracting,  where each of  and  are integers but 1 only has itself 
		as a factor so this is a contraction.



		Hence,  and  cannot have a prime factor, p, in common.



	(ii)	Each of  and  have at least one prime factor and these are not the same.




[bookmark: DSIEqnMarkerStart][bookmark: DSIEqnMarkerEnd]	(iii)	 is 1 more than  and so has no prime factor in common with .


	 has at least two prime factors so  has at least three prime factors.


Extension



 and 











If circle and line do not meet then 


Which leads to 

Hence to . Which is proven.

[image: C:\Users\marxsu\Desktop\asa_mathsbmei_logo.png]
[image: C:\Users\marxsu\Desktop\asa_mathsbmei_landscape.png]


Version 1	1						© OCR 2017
Version 1	7						© OCR 2017

[bookmark: _GoBack]OCR Resources: the small print
OCR’s resources are provided to support the delivery of OCR qualifications, but in no way constitute an endorsed teaching method that is required by the Board, and the decision to use them lies with the individual teacher.   Whilst every effort is made to ensure the accuracy of the content, OCR cannot be held responsible for any errors or omissions within these resources. 
© OCR 2017 - This resource may be freely copied and distributed, as long as the OCR logo and this message remain intact and OCR is acknowledged as the originator of this work.
OCR acknowledges the use of the following content: n/a
Please get in touch if you want to discuss the accessibility of resources we offer to support delivery of our qualifications: resources.feedback@ocr.org.uk
We’d like to know your view on the resources we produce. By clicking on ‘Like’ or ‘Dislike’ you can help us to ensure that our resources work for you. When the email template pops up please add additional comments if you wish and then just click ‘Send’. Thank you.
Whether you already offer OCR qualifications, are new to OCR, or are considering switching from your current provider/awarding organisation, you can request more information by completing the Expression of Interest form which can be found here: www.ocr.org.uk/expression-of-interest
Looking for a resource? There is now a quick and easy search tool to help find free resources for your qualification: 
www.ocr.org.uk/i-want-to/find-resources/


Version 1	8					© OCR 2017

oleObject1.bin

oleObject46.bin

image47.wmf
(

)

(

)

22

510

xx

++=


oleObject47.bin

image48.wmf
2

5

x

=-


oleObject48.bin

image49.wmf
2

1

x

=-


oleObject49.bin

image50.wmf
2

n

-


oleObject50.bin

image51.wmf
1

n

-


image2.wmf
(

)

1

g

2

x

x

-

=


oleObject51.bin

image52.wmf
n


oleObject52.bin

image53.wmf
1

n+


oleObject53.bin

image54.wmf
2

n

+


oleObject54.bin

image55.wmf
21125

nnnnnn

=-+-+++++=


oleObject55.bin

image56.wmf
Þ


oleObject2.bin

oleObject56.bin

image57.wmf
5

n


oleObject57.bin

image58.wmf
52112

nnnnnn

=-+-+++++


oleObject58.bin

image59.wmf
Û


oleObject59.bin

image60.wmf
2

1

y

x

=


oleObject60.bin

image61.wmf
2

0

a

b

x

+=


image3.wmf
gf()

xx

=


oleObject61.bin

image62.wmf
2

1

1

y

x

=-


oleObject62.bin

image63.png
10

11

12

13

14

15

16




image64.wmf
(

)

2

3

23

f

xx

x

x

+

=


oleObject63.bin

image65.wmf
1.5

-


oleObject64.bin

image66.png




image67.wmf
2

500

rh

p

==


oleObject3.bin

oleObject65.bin

image68.wmf
2

500

h

r

p

=


oleObject66.bin

image69.wmf
2

22

rrhS

pp

=+=


oleObject67.bin

image70.wmf
2

2

500

22

Srr

r

pp

p

=+´


oleObject68.bin

image71.wmf
2

1000

2

r

r

p

=+


oleObject69.bin

image72.wmf
2

d1000

40

d

S

r

r

r

p

=-=


image4.wmf
(

)

(

)

3322

()

ababaabb

-=-++


oleObject70.bin

image73.wmf
33

1000250

4

r

pp

==


oleObject71.bin

image74.wmf
2

3

2

500500250

h

r

pp

p

æö

==¸

ç÷

èø


oleObject72.bin

image75.wmf
2

3

3

2

3

2250250

2

250

p

pp

´

=´=´


oleObject73.bin

image76.wmf
2

23

d2000

4

d

S

rr

p

=+


oleObject74.bin

image77.wmf
2

1000

2

Sr

r

p

=+


oleObject4.bin

oleObject75.bin

image78.wmf
21

33

250

21000348.73

250

p

p

p

æöæö

=´+´»

ç÷ç÷

èøèø


oleObject76.bin

image79.wmf
2

500

11

11

hr

p

=Þ=


oleObject77.bin

image80.wmf
500

11

r

p

=


oleObject78.bin

image81.wmf
100011

1000353.81

11500

S

p

=+´»


oleObject79.bin

image82.wmf
353.81348.741.014

¸=


image5.wmf
225

p

<<


oleObject80.bin

image83.wmf
n


oleObject81.bin

image84.wmf
1

n

+


oleObject82.bin

image85.wmf
nsp

=


oleObject83.bin

image86.wmf
1

ntp

+=


oleObject84.bin

image87.wmf
1()

pts

=-


oleObject5.bin

oleObject85.bin

image88.wmf
p


oleObject86.bin

image89.wmf
()

ts

-


oleObject87.bin

image90.wmf
n


oleObject88.bin

image91.wmf
1

n

+


oleObject89.bin

image92.wmf
n


image6.wmf
(

)

(

)

11

pp

-+


oleObject90.bin

image93.wmf
1

n

+


oleObject91.bin

image94.wmf
[

]

(1)1

nn

++


oleObject92.bin

image95.wmf
(1)

nn

+


oleObject93.bin

oleObject94.bin

oleObject95.bin

oleObject96.bin

oleObject6.bin

image96.wmf
(

)

(

)

22

2

xaybr

-+-=


oleObject97.bin

image97.wmf
ymxc

=+


oleObject98.bin

image98.wmf
(

)

(

)

22

2

xamxcbr

-++-=


oleObject99.bin

image99.wmf
(

)

2

2222

22()

xaaxmxcbbmxcr

+-+++-+=


oleObject100.bin

image100.wmf
(

)

222222

(1)22220

xmxcmbmaabcrbc

\++--+++--=


oleObject101.bin

image7.wmf
8


image101.wmf
2

40

BAC

-<


oleObject102.bin

image102.wmf
(

)

(

)

2

22222

222(44)20

mcabmmabcrbc

---+++--<


oleObject103.bin

image103.wmf
(

)

(

)

222222

220

mraambcbcbcr

-+-+--+<


oleObject104.bin

oleObject7.bin

image8.wmf
100


oleObject8.bin

image9.wmf
51


oleObject9.bin

image10.wmf
42

75

yxx

=++


oleObject10.bin

image11.wmf
2

yx

=


oleObject11.bin

image12.wmf
2

a

yb

x

=+


oleObject12.bin

image13.wmf
(

)

2

f

n

axbx

x

x

+

=


oleObject13.bin

image14.wmf
2

n

>


oleObject14.bin

image15.wmf
1

n

>


oleObject15.bin

image16.wmf
n


oleObject16.bin

image17.wmf
1

n

+


oleObject17.bin

image18.wmf
(1)

nn

+


oleObject18.bin

image19.wmf
[

]

(1)(1)1

nnnn

+++


oleObject19.bin

image20.wmf
(

)

(

)

22

2

xaybr

-+-=


oleObject20.bin

image21.wmf
ymxc

=+


oleObject21.bin

image22.wmf
(

)

(

)

222222

220

mraambcbcbcr

-+-+--+<


oleObject22.bin

image23.wmf
(21)1

gf()

2

x

xx

+-

==


oleObject23.bin

image24.wmf
(

)

3322

()()

ababaaba

-=-++


oleObject24.bin

image25.wmf
22

RHS=()(++)

abaabb

-


oleObject25.bin

image26.wmf
322223

=

aababbaabb

++---


oleObject26.bin

image27.wmf
33

ab

=-


oleObject27.bin

image28.wmf
=LHS


oleObject28.bin

image29.wmf
50


oleObject29.bin

image30.wmf
1,4,9,16,25,36,49


oleObject30.bin

image31.wmf
50


oleObject31.bin

image32.wmf
2,3,5,7,11,13,17,19,23,29,31,37,41,43,47


oleObject32.bin

image33.wmf
p


oleObject33.bin

image34.wmf
(

)

(

)

11

pp

-+


oleObject34.bin

image35.wmf
=


oleObject35.bin

image36.wmf
225

p

<<


oleObject36.bin

image37.wmf
(

)

(

)

11

pp

-+


oleObject37.bin

image38.wmf
8


oleObject38.bin

image39.wmf
=2

a


oleObject39.bin

image40.wmf
=50

n


oleObject40.bin

image41.wmf
(

)

50

50

=2(2)+(49)2

2

S


image1.wmf
(

)

f21

xx

=+


oleObject41.bin

image42.wmf
=2550=50×51


oleObject42.bin

image43.wmf
100


oleObject43.bin

image44.wmf
51


oleObject44.bin

image45.wmf
422

75

xxx

++=


oleObject45.bin

image46.wmf
42

650

xx

++=


image104.png
AS and A LEVEL
MATHEMATICS B (MEI)




image105.png
AS and A LEVEL
MATHEMATICs B (ME) OCR




