ﬁf
RECOGMISING ACHIEVEMENT ( ;( :E

Mathematics

Advanced GCE

Unit 4727: Further Pure Mathematics 3

Mark Scheme for June 2011

Oxford Cambridge and RSA Examinations



OCR (Oxford Cambridge and RSA) is a leading UK awarding body, providing a wide range of
gualifications to meet the needs of pupils of all ages and abilities. OCR qualifications include
AS/A Levels, Diplomas, GCSEs, OCR Nationals, Functional Skills, Key Skills, Entry

Level qualifications, NVQs and vocational qualifications in areas such as IT, business,
languages, teaching/training, administration and secretarial skills.

It is also responsible for developing new specifications to meet national requirements and the
needs of students and teachers. OCR is a not-for-profit organisation; any surplus made is
invested back into the establishment to help towards the development of qualifications and
support which keep pace with the changing needs of today’s society.

This mark scheme is published as an aid to teachers and students, to indicate the requirements
of the examination. It shows the basis on which marks were awarded by Examiners. It does not
indicate the details of the discussions which took place at an Examiners’ meeting before marking
commenced.

All Examiners are instructed that alternative correct answers and unexpected approaches in
candidates’ scripts must be given marks that fairly reflect the relevant knowledge and skills
demonstrated.

Mark schemes should be read in conjunction with the published question papers and the Report
on the Examination.

OCR will not enter into any discussion or correspondence in connection with this mark scheme.
© OCR 2011
Any enquiries about publications should be addressed to:

OCR Publications
PO Box 5050
Annesley
NOTTINGHAM
NG15 0DL

Telephone: 0870 770 6622
Facsimile: 01223 552610
E-mail: publications@ocr.org.uk



4727 Mark Scheme June 2011

1 () M1* For using scalar product of line and plane

. I[5.6,—71.1,2,-1]

6 =sin vectors
\/52 162 +(=7) \/12 122 4 (-1) Ml For both moduli seen
(*dep)

.1 24 . . Al For correct scalar product

0 =sin m =69.1 (69099 R 1206) Al 4 For correct angle
. I[5, 6,711, 2,-1] SR For vector product of line and plane vectors
¢ =sin > 5 > 2 > MI* AND finding modulus of result
\/ 57467 +(-7) \/ F+2°+(-1)" M1 For moduli of line and plane vectors seen
(*dep)
¢= sin~ ! ﬂ —209° = 9=69.1° Al For correct modulus /84
V11046 Al For correct angle
_______________________________________________________________________________________________ g
(i) METHOD 1
|1 +12+3— 4()| M1 For use of correct formula
Lo, % = 4~/6 ~9.80 Al 2  For correct distance
NIZ+27+(-1)

METHOD 2
A+A)+2(6+24)—(-3-1)=40 Ml For substituting parametric form into plane
= A=4=d=46 Al For correct distance

OR distance from (1,6, —3) to (5,14, —-7)

=4 +8% +(-4)* =96

METHOD 3
Plane through (1, 6, —3) parallel to p is Ml For finding parallel plane through (1, 6, —3)
X+2y-z=16 = d :40_16:£ Al For correct distance
NN
METHOD 4
e.g.(0,0,-40) onp Ml For using any point on p to find vector
= vector to (1,6, —3) = =(1, 6,37) and scalar product seen
e.g [1,6,37].[1,2,-1]
d- 1, 6,371.11,2,-1] _24 Al For correct distance
3 o
METHOD 5
I meets p where (1+5t)+2(6 +6t) — (-3 -7t) =40 For finding t where | meets p
—=t=]1 = d= |[5 6, _7]| sin @ M1 and linking d with triangle
24 Al For correct distance
=+/110
A
2 (i METHOD 1 15
® _ _lLig g M1 EITHER For changing LHS terms to 210
1+e'¢ e 27 ez 1p
EITHER — = — . ) 1 cos
1—¢l? 1o lie ORin reverse For using cot 50 = ——
¢ —-¢ sin5 0
2coslo . .
—— 2 _jcotlo Ml cos %l@ie—%ﬁ
—2isinlg 2 For either of log=—" —  soi
? sin 2 @@

Al 3 For fully correct proof to AG

SR If factors of 2 or i are not clearly seen,
award M1 M1 A0

OR in reverse with similar working
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2 (i) METHOD2
116l [_eif o0 _ -0
EITHER R YRR, M1 For multiplying top and bottom by complex
I—e™ 1-e 2- (e e ) conjugate in exp or trig form
OR l1+cos@+isin@ 1-cos@+isind
1-cos@—isind 1—cosf+isind
ising 2isin % 0 cos % 0 1 M1 For using both double angle formulae
= = R = 1c0t59 correctly
2-2cos0 2sin” 50 Al For fully correct proof to AG
METHOD 3
1+cos@+isin® 2cos’ %9 +2isin % 0 cos % 0 M1 For using both double angle formulae
I-cos@—isind  2sin*1o-2isinlocoslo correctly
_ 2cos % 0 (COS % 0 +isin % 9) M1 For appropriate factorisation
2sin%9(sin%6’—icos%6’)
ol sl
sins @ —icos= 6
_ icot%@ ( 2 2 ) _ icot%& Al For fully correct proof to AG
(sin%@—icos%@)
METHOD 4
It 2 Ml For substituting both t formul tl
licosO+isind 14t 1402 or substituting bo ormulae correctly
1-cos@—isinf 1-t> . 2t
T2 Y2
1+t 1+t
C242it D1+t it-i 19 M1 For appropriate factorisation
~ o2 _ait T toi ot % Al For fully correct proof to AG
METHOD 5
1+¢'? l+eig_1+26i9+ezi9 )
1—ei? x 14cif - 1_ 20 For multiplying top and bottom by 1+ el?
2+ et 710 Ml and attempting to divide by el?
e 10 _¢lf OR multiplying top and bottom by 1+¢~1?
_ 2(1+cost) 2cos’ %9 B 005%9 Mi For using both double angle formulae
—2isiné@ —2isin%9 cos%b’ —isin%ﬁ correctly
= 1cot%6’ Al For fully correct proof to AG
(if) im im .
z w Ml For a circle centre O
Al For indication of radius = 1
and anticlockwise arrow shown
re Bl For locus of w shown as imaginary axis

described downwards
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3 (i) METHOD1 M1 For correct auxiliary equation (soi)
m+4(=0) = CF (y =)Ae_4x Al 2  For correct CF
METHOD 2
Separating variables on % +4y=0
X . . .
— Iny = —4x M1 For integration to this stage
= CF (y=) Ae~H Al For correct CF
""" (i) PI(y=) peos3x+qgsin3x Bl Forstating Plof correct form
y' =-3psin3x+3qcos3x Ml For substituting y and y’ into DE
= (-3p+4q)sin3x+(4p+3q)cos3x =5cos3x Al For correct equation
-3p+4q=0 4 3 M1 For equating coeffs and solving
= 4p+3q=5 =P=35.0=3 Al Al For correct value of p, and of q
GS (y =) Ae ™ +4cos3x+3sin3x BIV 7 ForGS . .
5 5 f.t. from their CF+PI with 1 arbitrary constant
in CF and none in PI
SR Integrating factor method may be used, followed by 2-stage integration by parts or C+iS method
....................................................................... Marks for (i) are awarded only if CF is clearly identified _
(i) -ax 50 %COS3X +%sin3x _sin (3x+a) M1 For considering either term
i cos
— —1<y<l OR -1<y<I AIN 2 For correct range (allow < ) CWO
T fit. as —\/pz—i-qz gyg«/p2+q2 from (ii)
4 (i) abc = (ab)c = (ba)c =b(ac) = M1 For using commutativity correctly
b(ca) = (bc)a = (ch)a = cba Al 2 for CotfreCt p?ot(')f’t be implicd)
. . use of associativity may be implie
Minimum working:
abc = bac =bca = cha
OR abc =acb =cab =cha
____________ ORabc=bac=bca=cba .
(i)  {e,a},{e,b},{e,c},{e, be}, {e, ca}, {e, ab},{e,abc} ~ Bl For any 5 subgroups
ettt eeet e et e e eee e DL 2 For the other 2 subgroups and none incorrect
(i) {e,a,b,ab}, {e, a,c,caj, {e,b,c, bc} Bl For any 3 subgroups
{e, a, bc, abc}, {e, b, ca, abc}, {e, c, ab, abc} Bl For 1 more subgroup
{e, bc, ca, ab} B1 3  For I more subgroup (5 in total)
P 11 L1 1) 3 12111 ¢ -1 S
(iv)  All elements (e) have order 2 B1* For appropriate reference to order of elements
OR all are self-inverse in G
OR no element of G has order 4
OR no order 4 subgroup has a generator or is cyclic
OR subgroups are of the form {e, a, b, ab}
(the Klein group)
= all order 4 subgroups are isomorphic Bl For correct conclusion
(*dep)2
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5 (i) ﬂ—kuk_ld—u M1 For using chain rule
dx dx Al For correct ay
= Xkuk_ld—u+3uk = x2u% Ml For substituting for y and %
X X
= d_u+iu :lxuk+1 Al 4  For correct equation AG
dx kx k
..... R TRt R -~
(iii) d_u_éu X TIF e 3dx _ o 3nx =i BI1Y For correct IF
dx X x3 3
f.t. for IF = xk

using K or their numerical value for k

= d U.L __1 M1 For i(u.their IF) = —x.their IF
dx )(3 X2 dx
1 1 Al For correct integration both sides
SU—=—(C0) = y=—p—7 Al 4  For correct solution for y
x> X CX” +X
6 (a) Closure (ax+b)+(cx+d)=(a+c)x+(b+d) B1 For obtaining correct sum from 2 distinct
elements
eP Bl For stating result is in P
OR is of the correct form
SR award this mark if any of the closure
result, the identity or the inverse element is
stated to be in P OR of the correct form
Identity 0x+0 B1 For stating identity (allow 0)
Inverse —ax—b Bl 4  For stating inverse
(b) (i) Order9 B1* 1  For correct order
(i) x+2 B1 1 For correct inverse element
(iii) M1 For considering sums of ax+b

(ax+Db)+(ax+b)+(ax+b)=3ax+3b
and obtaining 3ax+3b

=0x+0 For equating to 0x+0 ORO0
= ax+b hasorder3V a,b (except a=b=0) Al and obtaining order 3

SR For order 3 stated only OR found from
incomplete consideration of numerical cases

award B1
Cyclic group of order 9 has element(s) of order 9 Ml For reference to element(s) of order 9
(*dep)
= (Q,+(mod3)) is not cyclic Al 4  For correct conclusion
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7 (i)
Bl For sketch of tetrahedron labelled in some
way
At least one right angle at O must be indicated
or clearly implied
o :
M1 For using A :%base x height
AOPQz%pq, AOQRz%qr, AORPz%rp Al 3  Forall areas correct CAO
...... T T T e
(if) % RP x RO :%| RP||RQ|sinR = APQR Bl 1 For correct justification
...... L
(i) LHS = (% pq) +(%qr) +(%rp) B1 For correct expression
- 1|(pi—qi i
APQR = 5|(pl —anx(pi _rk)| Bl For APQR in vector form
OR L|(pi—rk)x (qj—rk)|
OR  Z|(pi—dj)x (qj—rk)|
A PQR :%|qri +prj+ qu| M1 For finding vector product of their attempt at
APQR
Al For correct expression
RHS:%(( pq)2+(qr)2+(rp)2) Ml For using |ai+bj+ck|:\/a2+b2+c2
Al 6  For completing proof of AG WWW
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8 (i) For expanding (C+1 s)4 : at least 2 terms and
Re(c+is)*=cos40 =c* —6c’s” +s* M1 1 binomial coefficient needed
Al For 3 correct terms
cos4¢9=c4—602(1—02)+(1—02)2 Ml For using 52 =1-c?
(*dep)
____________ = cos40=8cos’ 0-8cos?0+1 Al 4 Forcomrectexpression for cosdd CAO
(i) cos46cos20 = (8c4 —8c? + 1)(2c2 - 1) For multiplying by (202 - 1)
e =16c0s’ 9 24c0st 9 10cos 01 ] B Lo A
(i) 16c® —24c* +10c2 —2=0 M1 For factorising sextic
= (02 - 1)(&:4 _4c? 4 1) -0 with (c—1), (c+1)or (c2 —1)

For quartic, b2 —4ac=16-32<0 Al For justifying no other roots CWO

= c=tlonly= f=nx Al 3 Forobtaining d=nz AG
Note that M1 A0 Al is possible

SR For verifying 8 = n z by substituting ¢ =1
into 16¢® —24¢* +10¢> —2=0 BI

(V) 16c6 —24c* +10c2 =0

= c? (804 —12¢% + 5) =0 M1 For factorising sextic with ¢?
For quartic, b? —4ac =144-160 <0 Al For justifying no other roots CWO
= cos@ =0 only Al 3  For correct condition obtained AG

Note that M1 A0 Al is possible
SR For verifying cos € = 0 by substituting ¢ =0

into 16c® —24¢* +10c> =0 BI

1

X satisfy

SR For verifying 6 = %ﬂ and 0 =-
cos4d cos20=-1 Bl
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