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1 Write down the exact values of
(i 47,
i (2v2)7,

(i) (13 +2°+3%)7.

2 (i) Express x? —8x+3 in the form (x+ a)2 +b.

(ii) Hence write down the coordinates of the minimum point on the graph of y = x> —8x+3.

3 The quadratic equation x” +kx+k =0 has no real roots for x.

(i) Write down the discriminant of x> +kx+k in terms of k.

(ii) Hence find the set of values that k can take.

4 Find % in each of the following cases:

(i) y=4x"-1,
(i) y=x*(x*+2),

i) y=vx

wn
~
=

i) Solve the simultaneous equations

y:x2—3x+2, y=3x-7.

[1]
[1]

(2]

(3]

(2]

(2]
[4]

(2]
[3]
(2]

[5]

(i) What can you deduce from the solution to part (i) about the graphs of y=x*-3x+2 and

y=3x-7?

(2]

(iii) Hence, or otherwise, find the equation of the normal to the curve y= x*—3x+2 at the point (3,2),

giving your answer in the form ax+by+c =0 where a, b and c are integers.
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(ii)

(iii)

(iv)

Sketch the graph of y :l, where x #0, showing the parts of the graph corresponding to both
X
positive and negative values of x. [2]

1

. . . 1
Describe fully the geometrical transformation that transforms the curve y =— to the curve y =

X x+2°

Hence sketch the curve y = . [5]
x+2

Differentiate l with respect to x. [2]

X

Use parts (ii) and (iii) to find the gradient of the curve y= ! 5 at the point where it crosses the
x+

y-axis. (3]

A4(2,9)

B(10,3)

\ 4
=

0

The diagram shows a circle which passes through the points A (2,9) and B (10,3). AB is a diameter of

the circle.

(i) Calculate the radius of the circle and the coordinates of the centre. [4]
(ii) Show that the equation of the circle may be written in the form x? + y* —12x—12y+47 =0. [3]
(iili) The tangent to the circle at the point B cuts the x-axis at C. Find the coordinates of C. [6]
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(@
(ii)
(iii)

(iv)

Find the coordinates of the stationary points on the curve y = 233 —3x2 -12x-17. [6]

Determine whether each stationary point is a maximum point or a minimum point. [3]

By expanding the right-hand side, show that
207 =3x% —12x=7=(x+1)*(2x-7). 2]

Sketch the curve y = 2x° =3x* —12x -7, marking the coordinates of the stationary points and the
points where the curve meets the axes. [3]
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i) % Bl 1 | For correct value (fraction or exact decimal)
(i) 8 B1 1 | For correct value 8 only
(iii) 6 M1 For 1* +2° +3% =36 seen or implied
Al 2 | For correct value 6 only
(i) x*-8x+3= (x— 4)2 -13 Bl For (x— 4)2 seen, or statement a =—4
ie.a=—4,b=-13 M1 For use of (implied) relation a’*+b=3
Al 3 | For correct value of b stated or implied
(il) Minimum point is (4, —13) B1J/ For x-coordinate equal to their (—a)
B1/ 2 | For y-coordinate equal to their b
(i) Discriminant is k2 —4k M1 For attempted use of the discriminant
Al 2 | For correct expression (in any form)
(ii) For no real roots, k> -4k <0 M1 For stating their A <0
Hence k(k—-4)<0 M1 For factorising attempt (or other soln method)
So 0<k<4 Al For both correct critical values 0 and 4 seen
Al 4 | For correct pair of inequalities
d _
@) ay =12x° Ml For clear attempt at nx"!
Al 2 | For completely correct answer
(i) y=x"+2x B1 For correct expansion
d . .
Hence =¥ = 4x* +4x M1 For correct differentiation of at least one term
Al 3 | For correct differentiation of their 2 terms
e dy -1 . . 1
(iii) a = %x 2 M1 For clear differentiation attempt of x>
Al 2 | For correct answer, in any form
(i) x*-3x+2=3x-7=x>-6x+9=0 Ml For equating two expressions for y
Al For correct 3-term quadratic in x
Hence (x— 3)2 =0 M1 For factorising, or other solution method
So x=3 and y=2 Al For correct value of x
Al 5 | For correct value of y
(ii) The line y =3x—7 is the tangent to the curve Bl For stating tangency
y=x>=3x+2 at the point (3, 2) Bl 2 | For identifying x =3, y =2 as coordinates
(iii) Gradient of tangent is 3 Bl For stating correct gradient of given line
Hence gradient of normal is —% B1/' For stating corresponding perpendicular grad
Equation of normal is y—2 = —%(x -3) M1 For appropriate use of straight line equation
re. x+3y-9=0 Al 4 | For correct equation in required form
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X B1 For correct 1st quadrant branch
\ Bl 2 | For both branches correct and nothing else
(i) Translation of 2 units in the negative x-direction |B1 For translation parallel to the x-axis
B1 For correct magnitude
B1 For correct direction
¥y
k B1/' For correct sketch of new curve
: B1 5 | For some indication of location, e.g. 1 at
\ y-intersection or —2 at asymptote
(iii) Derivative is —x > M1 For correct power —2 in answer
Al 2 | For correct coefficient —1
. 1 . . . .
(iv) Gradient of y=— at x=2 is required Bl For correctly using the translation
X
This is =272, which is —% M1 For substituting x =2 in their (iii)
Al 3 | For correct answer
(i) AB?>=(10-2)>+(3-9)°=100 M1 For correct calculation method for AB>
Hence the radius is 5 Al For correct value for radius
. . . (2+10 9+3 . . .
Mid-point of AB is T M1 For correct calculation method for mid-point
Hence centre is (6, 6) Al 4 | For both coordinates correct
(ii) Equationis (x— 6)% +( y— 6)> =5 M1 For using correct basic form of circle equn
This is x> —12x+36+ y2 —-12y+36=25 Al For expanding at least one bracket correctly
ie. x*+y*—12x—12y+47=0, as required Al 3 | For showing given answer correctly
. . 3-9 3 - .
(ili) Gradient of AB is 0-2 = 1 M1 For finding the gradient of AB
Al For correct value —% or equivalent
. ... 4 . .
Hence perpendicular gradient is 3 AL/ For relevant perpendicular gradient
Equation of tangentis y—3= %(x -10) M1 For using their perp grad and B correctly
Hence C is the point (%1, 0) M1 For substituting y =0 in their tangent eqn
Al 6 | For correct value x =31
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d . L .
i) ay =6x>—6x—12 M1 For differentiation with at least 1 term OK
Al For completely correct derivative
Hence x> —x—-2=0 M1 For equating their derivative to zero
x=-2)(x+1)=0=>x=2o0r —1 M1 For factorising or other solution method
Al For both correct x-coordinates
Stationary points are (2,—27) and (-1, 0) Al 6 | For both correct y-coordinates
. d’y +18 when x =2 o
(i) —=12x-6= M1 For attempt at second derivative and at least
dx —18 when x=-1
one relevant evaluation
Hence (2,—-27) is amin and (—1,0) is a max Al For either one correctly identified
Al 3 | For both correctly identified
(Alternative methods, e.g. based on gradients
either side, are equally acceptable)
(i) RHS=(x*+2x+1)(2x-7) M1 For squaring correctly and attempting
=2x3 72 +4x* —14x+2x-17 complete expansion process
=2x>-3x* —12x-7, as required Al 2 | For obtaining given answer correctly
(iv) y
A
(-1,0) / o Bl For correct cubic shape
i » X . L .
(. 0) Bl For maximum point lying on x-axis
©,-7) B1 3 |For x=1 and y=-7 at intersections

(2,-27)
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Expand (1—2x)* in ascending powers of x, simplifying the coefficients. [5]

(i) Find Jizdx. [3]
X

(ii) The gradient of a curve is given by %:% Find the equation of the curve, given that it passes
X

through the point (1, 3). (3]

(a) Express each of the following in terms of log, x :

() log,(x%), [1]
(i) log,(8x%). [3]
(b) Given that y2 =27, find the value of log; y. [3]

Records are kept of the number of copies of a certain book that are sold each week. In the first week after
publication 3000 copies were sold, and in the second week 2400 copies were sold. The publisher forecasts
future sales by assuming that the number of copies sold each week will form a geometric progression with
first two terms 3000 and 2400. Calculate the publisher’s forecasts for

(i) the number of copies that will be sold in the 20th week after publication, [3]
(ii) the total number of copies sold during the first 20 weeks after publication, [2]
(iii) the total number of copies that will ever be sold. [2]

(i) Show that the equation 15cos® 8° =13 +sin#° may be written as a quadratic equation in sin6°.  [2]

(ii) Hence solve the equation, giving all values of 8 such that 0 <8 < 360. [6]
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5cm

2.1 rad
C

The diagram shows triangle ABC, in which AB=3cm, AC=5cm and angle ABC=2.1 radians.
Calculate

(i) angle ACB, giving your answer in radians, [2]

(ii) the area of the triangle. [3]
An arc of a circle with centre A and radius 3 cm is drawn, cutting AC at the point D.

(iii) Calculate the perimeter and the area of the sector ABD. [4]

/i B

/ AN

The diagram shows the curves y = -3x* =9x+30 and y= x> +3x-10.

(i) Verify that the curves intersect at the points A (=5,0) and B (2,0). [2]
2
(ii) Show that the area of the shaded region between the curves is given by I—s (—-4x* —12x+40)dx. [2]

(iii) Hence or otherwise show that the area of the shaded region between the curves is 228% . [5]
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The diagram shows the curve y =1.25".

(i) A point on the curve has y-coordinate 2. Calculate its x-coordinate. [3]

(ii) Use the trapezium rule with 4 intervals to estimate the area of the shaded region, bounded by the
curve, the axes, and the line x =4. [4]

(iii) State, with a reason, whether the estimate found in part (ii) is an overestimate or an underestimate. [2]

(iv) Explain briefly how the trapezium rule could be used to find a more accurate estimate of the area of
the shaded region. (1]

The cubic polynomial x° +ax” +bx—6 is denoted by f(x).

(i) The remainder when f(x) is divided by (x—2) is equal to the remainder when f(x) is divided by
(x+2). Show that b=—4. (3]

(ii) Given also that (x—1) is a factor of f(x), find the value of a. [2]
(iii) With these values of a and b, express f(x) as a product of a linear factor and a quadratic factor. [3]

(iv) Hence determine the number of real roots of the equation f(x) =0, explaining your reasoning. [3]
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1 1-8x+24x> -32x° +16x* Bl For first two terms 1—8x
M1 For expansion in powers of (—2x)
Ml For any correct use of binomial coefficients
Al For any one further term correct
Al 5 | For completely correct expansion
2 @) J‘xfz dr=—x"+c¢ Ml For any attempt to integrate X2
Al For correct expression —x~' (in any form)
B1 3 | For adding an arbitrary constant
i) y= —-x'+e passes through (1, 3),
so 3=—-1l+c=>c=4 M1 For attempt to use (1,3) to evaluate ¢
AlS For correct value from their equation
. 1 .
Hence curveis y=——+4 Al 3 | For correct equation
X
3 (@ (@) 2log,x B1 1 | For correct answer
(ii) 10g2(8x2) =log, 8+log, x? M1 For relevant sum of logarithms
M1 For relevant use of 8 =27
=3+2log, x Al 3 | For correct simplified answer
(b) 2log;y=log;27 Ml For taking logs of both sides of the equation
Hence log; y =% Al For any correct expression for log; y
Al 3 | For correct simplified answer
4 i r= w =0.8 B1 For the correct value of r
3000
Forecast for week 20 is 3000x0.8" ~ 43 M1 For correct use of ar™™
Al 3 | For correct (integer) answer
1-0.8% 1-r"
(ii) M =14 827 M1 For correct use of M
1-0.8 -r
Al 2 | For correct answer (3sf is acceptable)
(iii) ﬂ =15000 M1 For correct use of
1-0.8 -r
Al 2 | For correct answer
5 (i) LHSis 15(1- sin’ 8°) M1 For using the relevant trig identity
Hence equation is 15sin? 6° +sin@°—2=0 Al 2 | For correct 3-term quadratic
(i) (5sin8°+2)(3sinf°—-1)=0 M1 For factorising, or other solution method
Hence sinf° = —% or % Al For both correct values
So 6=19.5,160.5,203.6, 336.4 M1 For any relevant inverse sine operation
Al For any one correct value
Al For corresponding second value
AlS 6 | For both remaining values
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3 5 . . o .
(i) ——=— =sinC=3<sin2.1 M1 For any correct initial statement of the sine
sinC  sin2.1
rule, together with an attempt to find sinC
Hence C =0.544 Al 2 | For correct value
(i) Angle Ais 7—2.1-0.5444=0.4972 M1 For calculation of angle A
Area is %X 5x3xsin0.4972 Ml For any complete method for the area
i.e. 3.58 cm? ALS 3 | For correct value, following their C
(iii) Sector perimeter is 6+3x0.4972 Ml For using @ with their A in radians
i.e. 7.49 cm Alt For correct value, following their A
Sector area is 1 3%%0.4972 M1 For using %VZH with their A in radians
ie. 2.24cm? AlLS 4 | For correct value, following their A
(i) -75+45+30=0,25-15-10=0 Bl For checking one point in both equations
-12-184+30=0,4+6-10=0 Bl 2 | For checking the other point in both
2
(ii) Areais .[75{(—3x2—9x+30)—(x2+3x—10)}dx M1 For use of j(yl—yz)dx
2
i.e. JLS (—4x> =12x+40)dx, as required Al 2 | For showing given answer correctly
2
(iiiy EITHER: Areais [—%x3 —6x% + 40x} S M1 For integration attempt with one term OK
Al For at least two terms correct
Al For completely correct indefinite integral
= —33—2 —24+80)— (% —150-200) M1 For correct use of limits
_ 2 . .
=228% Al For showing given answer correctly
OR: Area under top curve is M1 For complete evaluation attempt
Al For correct indefinite integration (allow for
other curve if not earned here)
2
[—xS —%xz + 30x} =171 Al For correct value
Area above lower curve is
2
—Bx3 +%x2 —IOx] = 57L M1 For evaluation and sign change
So area between is 17 1% + 57% = 228% Al 5 | For showing given answer correctly
(i) 1.25"=2= xlogl.25=10g2 B1 For correct initial use of logs
Hence x= log?2 =3.11 M1 For correct log expression for x
log1.25
Al 3 | For correct numerical value
() 1{1.25°+2(1.25' +1.25* +1.25%) +1.25%) Bl For correct recognition of 7 =1
Ml For any use of values 1.25% for x=0,...,4
M1 For use of correct formula
Area is 6.49 Al 4 | For correct answer
(iii) The trapezia used in (ii) extend above the curve M1 For stating or sketching trapezia above curve
Hence the trapezium rule overestimates the area Al 2 | For stating overestimate with correct reason
(iv) Use more trapezia, with a smaller value of & B1 1 | For stating that more trapezia should be used
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(i) 8+4a+2b-6=-8+4a-2b-6 M1 For equating f(2) and f(-2)
Al For correct equation
Hence 4b=-16=>b=—4 Al For showing given answer correctly
(ii) 1+a-4-6=0 M1 For equating f(1) to O (not f(—1) )
Hence a =9 Al For correct value
(iii) f(x)=(x=1)(x*+10x+6) M1 For quadratic factor with x% and/or 46 OK
Al For trinomial with both these terms correct
Al For completely correct factorisation
(iv) The discriminant of the quadratic is 76 M1 For evaluating the discriminant
Hence there are 3 real roots altogether M1 For using positive discriminant to deduce that
there are 2 roots from the quadratic factor
Al For completely correct explanation of 3 roots
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1  Solve the inequality |2x + 1| > |x — 1| . [5]

2 (i) Prove the identity
sin(x +30°) + (\/3 )cos(x+30°)=2cosx,
(4]

where x is measured in degrees.

(2]

(ii) Hence express cos15° in surd form.

3  The sequence defined by the iterative formula
X, = vV(17-5x,),

with x; =2, converges to .

(i) Use the iterative formula to find & correct to 2 decimal places. You should show the result of each

(3]

iteration.

(ii) Find a cubic equation of the form

CHex+d=0
(2]

which has ¢ as a root.

(2]

(iii) Does this cubic equation have any other real roots? Justify your answer.

4

.v

A
R

0 2 >
The diagram shows the curve
B 1
Y x|

The region R (shaded in the diagram) is enclosed by the curve, the axes and the line x=2.

[4]

(i) Show that the exact area of Ris 1.

(ii) The region R is rotated completely about the x-axis. Find the exact volume of the solid formed.  [4]
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At time ¢ minutes after an oven is switched on, its temperature 8°C is given by

(i) State the value which the oven’s temperature approaches after a long time.

(i) Find the time taken for the oven’s temperature to reach 150°C .

6 =200-180e!" .

[1]
[3]

(iii) Find the rate at which the temperature is increasing at the instant when the temperature reaches

150°C.

The function f is defined by

(@
(ii)

(iii)

)
(ii)

(iii)

fix1+Vx

State the domain and range of the inverse function £~ .

Find an expression for f ).

forx>0.

[4]

(2]

(2]

By considering the graphs of y =f(x) and y =f"'(x), show that the solution to the equation

is x=1(3+V5).

f(x)=f"(x)

Write down the formula for tan2x in terms of tanx .

By letting tanx =1, show that the equation

4tan2x +3cotxsec’ x =0

becomes

3t 812 -3=0.

Hence find all the solutions of the equation

4tan2x+3cotxsec’ x=0

which lie in the interval 0 < x < 27x.
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y
A
P
O » X
The diagram shows the curve y =(In x)2 .
42
7 [4]

. . dy
i) Find — and —-.
. dx dx?

(i) The point P on the curve is the point at which the gradient takes its maximum value. Show that the
tangent at P passes through the point (0,—1) . [6]

»
>

The diagram shows the curve y =tan™' x and its asymptotes y =+a .

(i) State the exact value of a. [1]

(ii) Find the value of x for which tan' x = %a . 2]

The equation of another curve is y =2 tan_l(x -1.

(iii) Sketch this curve on a copy of the diagram, and state the equations of its asymptotes in terms of a. [3]

(iv) Verity by calculation that the value of x at the point of intersection of the two curves is 1.54, correct
to 2 decimal places. (2]

2
Another curve (which you are not asked to sketch) has equation y = (tan_1 x) .

1

2
(v) Use Simpson’s rule, with 4 strips, to find an approximate value for J. (tan_l x) dx . [3]

0
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1 EITHER: 4x*+4x+1>x>-2x+1 M1 For squaring both sides
ie. 3x2+6x>0 Al For reduction to correct quadratic
So x(x+2)>0 M1 For factorising, or equivalent
Hence x<—2orx>0 Al For both critical values correct
Al For completely correct solution set
OR: Critical values where 2x+1=2(x—1) Ml For considering both cases, or from graphs
i.e. where x=-2 and x=0 B1 For the correct value —2
Al For the correct value 0
Hence x<—-2orx>0 Ml For any correct method for solution set using
two critical values
Al 5 | For completely correct solution set
2 (i) sinx($v/3)+cos x($) +(v/3)(cos x($v/3) —sin x($))| M1 For expanding both compound angles
Al For completely correct expansion
M1 For using exact values of sin30° and cos30°
_ 1 3 _ . . .
=5C0osx+3cosx=2cosx, as required Al 4 | For showing given answer correctly
(ii) sin45°+(y/3)cos45°=2cos15° Ml For letting x=15° throughout
Hence cos15°= V3 V3 Al 2 [ For any correct exact form
2v2
3 @ x,=v7=19129... Bl For 1.91... seen or implied
x3=19517..., x,=1.9346... Ml For continuing the correct process
a=1.94 to 2dp Al 3 | For correct value reached, following x5 and
X both 1.94 to 2dp
(i) x=7(17-5x) =’ +5x-17=0 M1 For letting x, = x,,; = x (or &)
Al 2 | For correct equation stated
(iiiy EITHER: Graphs of y=x> and y=17-5x only
Cross once M1 For argument based on sketching a pair of
graphs, or a sketch of the cubic by calculator
Hence there is only one real root AL For correct conclusion for a valid reason
d . . . .
OR: a(f +5x-17)= 3x2+5>0 M1 For consideration of the cubic’s gradient
Hence there is only one real root AL/ 2 | For correct conclusion for a valid reason
2 _1 172 . 1
4 i) Io (4x+1) 2 dx= [%(4x + I)ZJ =1(3-D=1 M1 For integral of the form k(4x +1)2
0
Al For correct indefinite integral
M1 For correct use of limits
Al 4 | For given answer correctly shown
2 2 .
(ii) EJ dx=rx Hln(4x + 1)] =479 M1 For integral of the form kIn(4x+1)
0 4x+1 0
Al For correct %ln(4x +1), with or without 7
M1 Correct use of limits and 7
Al For correct (simplified) exact value
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(i) 200°C Bl 1 | For value 200
(i) 150=200-180e"" = =3 M1 For isolating the exponential term
Hence 0.1t = ln% =t=12.8 M1 For taking logs correctly
Al 3 | For correct value 12.8 (minutes)
sss de —0.1¢ . . .
(iii) m =18e M1 For differentiation attempt
t
Al For correct derivative
Hence rate is 18e X128 =5 0°C per minute Ml For using their value from (ii) in their 6
Al 4 | For value 5.0(0)
(i) Domainof ™' is x>1 Bl For the correct set, in any notation
Rangeis x>0 B1 2 | Ditto
@) If y=1+ Vx, then x=( y— 1)? M1 For changing the subject, or equivalent
Hence f7(x)=(x-1) Al 2 | For correct expression in terms of x
(iii) The graphs intersect on the line y =x B1 For stating or using this fact
Hence x satisfies x = (x—1)° Bl For either x =f(x) or x=1""(x)
. 2 3+,/5 . . .
ie. x"=3x+1=0=>x= — Ml For solving the relevant quadratic equation
So x= %(3 ++/5) as x must be greater than 1 Al 4 | For showing the given answer fully
2
(i) tan2x= Ln;c Bl 1 | For correct RHS stated
I-tan” x
1
(i) 8t2+3><1><(1+t2)=0 Bl For cotx=— seen
— t t
Bl For sec? x=1+1> seen
Hence 87 +3(1—1*)(1+1*)=0 M1 For complete substitution in terms of ¢
ie. 3r* =8> —3=0, as required Al 4 | For showing given equation correctly
(iii) (3t2 + 1)(t2 -3)=0 M1 For factorising or other solution method
Hence t=++/3 Al For > =3 found correctly
_ 2, 4,5
So x= %7[, $HS7 5T Al For any two correct angles
Al 4 | For all four correct and no others
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dy 21 .
i) ay - onx M1 For relevant attempt at the chain rule
Al For correct result, in any form
2
d_gz = X2/ %) 5 2In ¥ = 2 221n al Ml For relevant attempt at quotient rule
dx by by
Al 4 | For correct simplified answer
(ii) For maximum gradient, 2—2lnx=0=>x=¢ M1 For equating second derivative to zero
Al For correct value e
Hence P is (e, 1) A1/ For stating or using the y-coordinate
. .2 . . .
The gradient at P is — Al For stating or using the gradient at P
e
. 2 . .
Tangentat Pis y—1=—(x—¢e) Ml For forming the equation of the tangent
e
Hence, when x=0, y=-1 as required Al 6 | For correct verification of (0, —1)
(i) a=irm B1 1 | For correct exact value stated
(i) x=tan({7)=1 M1 For use of x = tan({a)
ALS 2 | For correct answer, following their a
(iii) A B1 For x-translation of (approx) +1
) B1 For y-stretch with (approx) factor 2
Asymptotes are
~d y==12a Bl 3 | For correct statement of asymptotes
X tan"'x 2tan”!(x—1)
(iv) 1.535 0.993 0.983 M1 For relevant evaluations at 1.535, 1.545
1.545 0.996 0.998
Hence graphs cross between 1.535 and 1.545 Al 2 | For correct details and explanation
2
(v) Relevant values of (tan’1 x) are (approximately) (Ml For the relevant function values seen or
0, 0.0600, 0.2150, 0.4141, 0.6169 implied; must be radians, not degrees
%{O+4(0.0600+O.4141)+2X 0.2150+0.6169} M1 For use of correct formula with & =%
Hence required approximation is 0.245 Al 3 | For correct (2 or 3sf) answer
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1  Find the quotient and remainder when x* +1 is divided by x> +1. [4]
o1, ) : . S3

2 (i) Expand (1-2x) ? in ascending powers of x, up to and including the term in x”. [4]

(ii) State the set of values for which the expansion in part (i) is valid. [1]

1
3 Find one_2x dx , giving your answer in terms of e. [5]
4
B
b
0 > A
a

As shown in the diagram the points A and B have position vectors a and b with respect to the origin O.

(i) Make a sketch of the diagram, and mark the points C, D and E such that OC=2a, OD=2a+b and
OE=10D. [3]

(i) By expressing suitable vectors in terms of a and b, prove that E lies on the line joining A and B.  [4]

5 (i) For the curve 2x% + Xy + y2 =14, find % in terms of x and y. [4]

(ii) Deduce that there are two points on the curve 2x% +xy+y> =14 at which the tangents are parallel to
the x-axis, and find their coordinates. [4]
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The diagram shows the curve with parametric equations

x=asin@, y=ablcosl,

where a is a positive constant and —7 < 8 <z . The curve meets the positive y-axis at A and the positive

x-axis at B.

(i) Write down the value of 8 corresponding to the origin, and state the coordinates of A and B. [3]

(ii) Show that % =1-6tan@, and hence find the equation of the tangent to the curve at the origin. [6]

The line L, passes through the point (3,6,1) and is parallel to the vector 2i+3j—k. The line L, passes

through the point (3, —1,4) and is parallel to the vector i —2j+k.

(i) Write down vector equations for the lines L, and L, .

(ii) Prove that L, and L, intersect, and find the coordinates of their point of intersection.

(iii) Calculate the acute angle between the lines.

Let I = j S S
x(1++/x)2

(i) Show that the substitution u =+/x transforms / to J% du .
u(l+u)
(ii) Express % in the form é+ B + ¢ 5
u(l+u) u l1+u (A+u)

(ii) Hence find /.

4724 Specimen Paper
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xXcm

A cylindrical container has a height of 200 cm. The container was initially full of a chemical but there is a
leak from a hole in the base. When the leak is noticed, the container is half-full and the level of the
chemical is dropping at a rate of 1 cm per minute. It is required to find for how many minutes the
container has been leaking. To model the situation it is assumed that, when the depth of the chemical

remaining is x cm, the rate at which the level is dropping is proportional to v/x .

Set up and solve an appropriate differential equation, and hence show that the container has been leaking
for about 80 minutes. [11]
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4
x2 * =x> -1+ 22 B1 For correct leading term x* in quotient
x“+1 x“+1
M1 For evidence of correct division process
Al For correct quotient x*-1
Al 4 | For correct remainder 2
-DED o
i (d-2x) =1+ (—%)(—Zx) +%(—2x) +
—)(=3)(=3) 3 o
+T(_ZX) +... M1 For 2nd, 3rd or 4th term OK (unsimplified)
=1+)c+%xz+%x3 Al For 1+ x correct
Al For +%x2 correct
Al 4 | For +%x3 correct
(i) Valid for |x| <% Bl 1 | For any correct expression(s)
1 1 el
.[0 xe ¥ dx =[—%xe_2)‘]o - .[o —Lle™*dx Ml For attempt at ‘parts’ going the correct way
Al For correct terms —%xefzx— J —%672)6 dx
1
= [—ixe’z" Lg=2% ]0 M1 For consistent attempt at second integration
M1 For correct use of limits throughout
= %—%e_z Al 5 | For correct (exact) answer in any form
()
Bl For C correctly located on sketch
. - Bl For D correctly located on sketch
e B1/ 3 | For E correctly located wrt O and D
a A
(ii) AE = E(Za +b)—a= E(b —a) M1 For relevant subtraction involving OE
Al For correct expression for (i)ﬁ or EB
Hence AE is parallel to AB Al For correct recognition of parallel property
i.e. E lies on the line joining A to B Al 4 | For complete proof of required result
d d d
@) 4x+x—y+y+2y—y:O Bl For correct terms x—y+y
dx dx dx
dy
B1 For correct term 2y —
dx
Hence Y =— dxty Ml For solving for Y
dx x+2y dx
Al 4 | For any correct form of expression
(i) ﬂ =0= y=—4x M1 For stating or using their ﬂ =0
I y g g I
Hence 2x> + (—4x2) + (—4)5)2 =14 M1 For solving simultaneously with curve equn
ie. x2=1 Al For correct value of x> (or y2)
So the two points are (1, —4) and (-1, 4) Al 4 | For both correct points identified

4724 Specimen Paper




6 (i) 6=0 at the origin Bl For the correct value
A s (0, ar) Bl For the correct y-coordinate at A
Bis (a,0) Bl 3 | For the correct x-coordinate at B
.. dx . .
(ii) 0 =acos@ Bl For correct differentiation of x
2—2 =a(cos@—0sinH) M1 For differentiating y using product rule
Hence d—yzwzl—etané’ Ml Foruseofd—yzd—y de
cos@ dx dé@/ dé
Al For given result correctly obtained
Gradient of tangent at the origin is 1 M1 For using =0
Hence equationis y =x Al 6 | For correct equation
6 (i) L :r=3i+6j+k+s2i+3j-k) Ml For correct RHS structure for either line
L, :r=3i—-j+4k +t(i-2j+k) Al 2 | For both lines correct
(i) 3+25s=3+1,6+3s=—1-2t,1-5s=4+1¢ Ml For at least 2 equations with two parameters
First pair of equations give s=—1,t=-2 M1 For solving any relevant pair of equations
Al For both parameters correct
Third equation checks: 1+1=4-2 Al For explicit check in unused equation
Point of intersection is (1, 3, 2) Al 5 | For correct coordinates
(iii) 2x1+3x(=2)+(-D)x1=(/14)(/6)cos Bl For scalar product of correct direction vectors
Bl For correct magnitudes V14 and V6
M1 For correct process for cos@ with any pair
of vectors relevant to these lines
Hence acute angle is 56.9° Al 4 | For correct acute angle
2 .
8 i I= J%X 2udu = J—z du Ml For any attempt to find & or du
u (1+u) u(l+u) du
Al For ‘dx =2u du’ or equivalent correctly used
Al 3 | For showing the given result correctly
(i) 2=A(l+u)’>+Bu(l+u)+Cu M1 For correct identity stated
A=2 Bl For correct value stated
C=-2 Bl For correct value stated
0=A+B (e.g) Al For any correct equation involving B
B=-2 Al 5 | For correct value
(iii) 21nu—21n(1+u)+li B1J/ For Alnu+ BlIn(1+u) with their values
+u
B1J/ For —C(1+u)™" with their value
Hence I =Inx-2In(1++/x)+ 2 +c M1 For substituting back
1++/x
Al 4 | For completely correct answer (excluding c)
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dx
dr

=—kvx

x =100 and %=—13k=0.1

.oLdx
Hence equation is & =-0.1vx
t

jx‘% dxz—o.ljdtjzx% = 0lt+c

x=200,t=0=c=2v200
So when x=100, 2v100=-0.1z+2+/200
ie. t=82.8

Ml
Al
M1

Al

Ml

Al
INNA

B1

Ml

Ml
Al

11

For use of derivative for rate of change

For correct equation (neg sign optional here)

For use of data and their DE to find k&

For any form of correct DE

For separation and integration of both sides

For Zx% correct

For (f)kt correct (the numerical evaluation
of k may be delayed until after the DE is
solved)

For one arbitrary constant included (or
equivalent statement of both pairs of limits)
For evaluation of ¢

For evaluation of ¢
For correct value 82.8 (minutes)
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Use formulae for Zr and Zrz to show that

r=1 r=1

ir(r+1):§n(n+1)(n+2). [5]

r=1

The cubic equation x° —6x* +kx+10=0 hasroots p—q, p and p+q, where g is positive.

(i) By considering the sum of the roots, find p . [2]
(ii) Hence, by considering the product of the roots, find g. [3]
(iii) Find the value of k. [3]

The complex number 2+1 is denoted by z, and the complex conjugate of z is denoted by z*.

(i) Express z% in the form x+i y , where x and y are real, showing clearly how you obtain your answer.

(2]

(ii) Show that 4z — 2 simplifies to a real number, and verify that this real number is equal to zz*. [3]

(iii) Express ztl in the form x+iy, where x and y are real, showing clearly how you obtain your

answer. [3]

A sequence u;, u,, us, ... is defined by

u, =3"-1.

(i) Write down the value of u, . [1]

(i) Show that u,,, —u, =8x3%". [3]

(iili) Hence prove by induction that each term of the sequence is a multiple of 8. (4]
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(i) Show that
1 1 2

2r—1 2r+1 4r2 -1

(ii) Hence find an expression in terms of n for

2 2 2 2
—t—t—=+.. .
3 15 35 4n® -1

(iii) State the value of
o 2
(a) E ,
4% -1
r=l1

(b)

(2]

[4]

[1]

[1]

In an Argand diagram, the variable point P represents the complex number z = x+1y, and the fixed point

A represents a =4 —3i.

(i) Sketch an Argand diagram showing the position of A, and find |a| and arga .

(ii) Given that |z —a|=|a

, sketch the locus of P on your Argand diagram.

(ili) Hence write down the non-zero value of z corresponding to a point on the locus for which
(a) the real part of z is zero,

(b) argz=arga.

1 2
The matrix A is given by A = (2 1] .

[4]

(3]

(2]

(i) Draw a diagram showing the unit square and its image under the transformation represented by A. [3]

(i) The value of detA is 5. Show clearly how this value relates to your diagram in part (i).

[3]

A represents a sequence of two elementary geometrical transformations, one of which is a rotation R.

(iii) Determine the angle of R, and describe the other transformation fully.

(iv) State the matrix that represents R, giving the elements in an exact form.

4725 Specimen Paper

(3]
(2]

[Turn over



8 The matrix Mis givenby M=|2 3 -1, where a is a constant.

(@

(i)
(iii)

@iv)

(v)

a 2 -1
2 -1 1
Show that the determinant of M is 2a.

Given that a #0, find the inverse matrix M.

Hence or otherwise solve the simultaneous equations

x+2y—z=1,
2x4+3y—2z=2,
2x— y+z=0.

Find the value of k for which the simultaneous equations

2y—z=k,
2x+3y—2z=2,
2x— y+2z=0,

have solutions.

(2]

[4]

(3]

(3]

Do the equations in part (iv), with the value of k found, have a solution for which x =z ? Justify your

answer.
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n

Z r(r+1) = z r+ Z r=tn(n+1)2n+1)+in(n+1) |Ml For considering the two separate sums
r=l1 r=l1 r=l1
Al For either correct sum formula stated
Al For completely correct expression
= én(n +D2n+1+3) =3n(n+1)(n+2) M1 For factorising attempt
Al 5 | For showing given answer correctly
i (p—-q@+p+(p+g)=6=>p=2 M1 For use of Xax=-b/a
Al 2 | For correct answer
() 2Q2-9)2+¢q)=-10 B1/ For use of offy=-d/a
Hence 4—¢*=-5=¢=3 M1 For expanding and solving for q
Al 3 | For correct answer
(iiiy EITHER: Roots are —1,2,5 B1/ For stating or using three numerical roots
—IX2+2x5+-1x5=k M1 For use of Zaoff=c/a
ie. k=3 AlS For correct answer from their roots
OR: Roots are —1,2,5 B1/' For stating or using three numerical roots
Equation is (x+1)(x—2)(x-5)=0 M1 For stating and expanding factorised form
Hence k=3 AlS 3 | For correct answer from their roots
(i) Z2=Q+D)*=4+4i+i’=3+4i M1 For showing 3-term or 4-term expansion
Al 2 | For correct answer
(ii) 47-7>=8+4i-3-4i=5 B1 For correct value 5
zz¥=2+1)(2-1)=5 B1 For stating or using z¥=2-1
Bl 3 | For correct verification of given restult
. RO iy o i
(iii) atl = & = G+ .l)(l .1) = 4-2i =2- Bl For correct initial form 2
z—1 1+1 (A+i1)(1A-1) 2 1+1
Ml For multiplying top and bottom by 1—1
Al 3 | For correct answer 2 —i
(i u =8 B1 1 | For correct value stated
(i) 3%"Y —1-(3%" —1) =9x3%" - 32" =§x3*" Bl For stating or using u,,,, =3*"" —1
M1 For relevant manipulation of indices in u,,
Al 3 | For showing given answer correctly
(ili) u, is divisible by 8, from (i) B1 For explicit check for y,
Suppose u, is divisible by 8, i.e. u, =8a M1 For induction hypothesis u, is mult. of 8
Then u;,, =u; + 8x3% =8(a+3*)=8b M1 For obtaining and simplifying expr. for u,
i.e. u,, is also divisible by 8, and result follows
by the induction principle Al 4 | For correct conclusion, stated and justified
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Hgo 2rtl=Qr-n_ 2

(i) =——=RHS M1 For correct process for adding fractions
QCr-D2r+1) 4r°-1
Al For showing given result correctly
s Loty 11} (11 1 1 . . L
(ii) Sum s (— - —) + (— - —) + (— - —) ot ( - M1 For expressing terms as differences using (i)
1 3 35 5 7 2n—-1 2n+1
Al For at least first two and last terms correct
. 1 . .
This is 1— N M1 For cancelling pairs of terms
n+
Al For any correct form
(iii) (a) Sum to infinity is 1 B1J/ For correct value; follow their (ii) if cnvgt
(b) Required sum is il B1Y/ For correct difference of their (iii)(a) and (ii)
n+
(i) (See diagram in part (ii) below) Bl For point A correctly located
|a| =4/ (32 + 42) =5 Bl For correct value for the modulus
arga =— tan™! (%) =-0.644 M1 For any correct relevant trig statement
Al For correct answer (radians or degrees)
(i) I
s B1 For any indication that locus is a circle
+4 B1 For any indication that the centre is at A
B1 For a completely correct diagram
(iii) (@) z=-61 B1 For correct answer
(b) z=8-6i M1 For identification of end of diameter thru A
Al 2 | For correct answer
. (1 =230 1 0 1) (0O 1 -2 -1 .
@) = M1 For at least one correct image
2 110 0 11 02 1 3
Al For all vertices correct
Al For correct diagram
[
(ii) The area scale-factor is 5 Bl For identifying det as area scale factor
The transformed square has side of length v/5 Ml For calculation method relating to large sq.
So its area is 5 times that of the unit square Al For a complete explanataion
(iii) Angle is tan_1(2) =63.4° B1 For tan_l(Z) , Or equivalent
Enlargement with scale factor /5 Bl For stating ‘enlargement’
Bl For correct (exact) scale factor
A2
cosd —siné
(iv) Vs Vs M1 For correct | pattern
21 sinf cosé
V5 V5
Al For correct matrix in exact form

=|
[\*]
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(i) detM=a(3-1)-212-(-2))-1(-2-6) M1 For correct expansion process
=2a Al 2 | For showing given answer correctly
2 -1 1
) M= 1 -4 a+2 a-2 M1 For correct process for adjoint entries
N8 a+4 3a-4
Al For at least 4 correct entries in adjoint
Bl For dividing by the determinant
Al 4 | For completely correct inverse
X 1
(i) |y |= M2 , witha =1 Bl For correct statement involving inverse
2z 0
So x=0,y=1,z=1 M1 For carrying out the correct multiplication
Al 3 | For all three correct values
(iv) Eliminating x gives 4y—2z=2 M1 For eliminating x from 2nd and 3rd equns
So for consistency with Ist equn, k=1 Ml For comparing two y-z equations
Al 3 | For correct value for k
(v) Solving x+3y=2,3x—y=0 gives x=1,y =% M1 For using x =z to solve a pair of equns
These values check in 2y —x =1, so soln exists Al 2 | For a completely correct demonstration
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1 @
(ii)

Starting from the definition of coshx in terms of e, show that cosh2x = 2cosh? x—1. [2]
Given that cosh2x =k, where k >1, express each of coshx and sinh x in terms of k. [4]
y
A

» X
0

The diagram shows the graph of

(i)

3 )]

(ii)

_2x%+3x+3
x+1 '
Find the equations of the asymptotes of the curve. [3]
Prove that the values of y between which there are no points on the curve are —5 and 3. [4]
Find the first three terms of the Maclaurin series for In(2+ x) . [4]

Write down the first three terms of the series for In(2 — x), and hence show that, if x is small, then

m(2+x)zx. 3]

2—x
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4

The equation of a curve, in polar coordinates, is

r=2cos26 (—m<@<nm).

(i) Find the values of @ which give the directions of the tangents at the pole. [3]

One loop of the curve is shown in the diagram.

0=0
(i) Find the exact value of the area of the region enclosed by the loop. [5]
y
A
1
1
2
| L 5«
0 1 2 3 4

: 1 . o
The diagram shows the curve y = g together with four rectangles of unit width.
x+

(i) Explain how the diagram shows that
4

1
%+%+%+%<Jomdx. 2]

The curve y = % passes through the top left-hand corner of each of the four rectangles shown.
x+

(ii) By considering the rectangles in relation to this curve, write down a second inequality involving
S+3+4+1 and a definite integral. 2]

(iii) By considering a suitable range of integration and corresponding rectangles, show that

1000 |
1n(500.5) < Z— <1n(1000) . [4]
r
r=2
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6

1
(i) Given that I, = f x"y/(1-x) dx, prove that, for n>1,
0

(2n+3)I,=2nl,_,. [6]
(i) Hence find the exact value of 1, . [4]
The curve with equation
_ X
cosh x
has one stationary point for x >0.
(i) Show that the x-coordinate of this stationary point satisfies the equation xtanhx—1=0. [2]

The positive root of the equation xtanhx—1=0 is denoted by o .

(ii) Draw a sketch showing (for positive values of x) the graph of y =tanh x and its asymptote, and the

graph of y= l Explain how you can deduce from your sketch that o >1. [3]
X

(iii) Use the Newton-Raphson method, taking first approximation x; =1, to find further approximations

x, and x5 for . [5]

(iv) By considering the approximate errors in x; and x,, estimate the error in x;. [3]

(i) Use the substitution 7 =tan1x to show that

J }1 cosx J t I (4]
1+smx 0(1+t)(1+t )

(ii) Express m in partial fractions. [5]
+1)(1+71
. . o l1-cosx . .
(iii) Hence find dx , expressing your answer in an exact form. [4]

0 1+sinx
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2
(i) RHS= 2(%(ex+ e_)‘)) -1= %(eszr e>)=LHS [Ml For correct squaring of (e*+¢e™*)
Al 2 | For completely correct proof
(ii) 2cosh?x—1=k => coshx = \/(%(l + k)) M1 For use of (i) and solving for cosh x
Al For correct positive square root only
2sinh?x+1=k = sinh x = i\/(%(k —l)) M1 For use of cosh? x—sinh?x=1, or equivalent
Al 4 | For both correct square roots
(i) x=-1 is an asymptote Bl For correct equation of vertical asymptote
y=2x+1 +L1 Ml For algebraic division, or equivalent
X+
Hence y=2x+1 is an asymptote Al 3 | For correct equation of oblique asymptote
(ii) EITHER: Quadratic 2x° +(3- Yx+(B-y)=0 |Ml For using discriminant of relevant quadratic
has no real roots if (3—y)* <83—-y) |Al For correct inequality or equation in y
Hence 3—y)(-5-y)<0 M1 For factorising, or equivalent
So required values are 3 and -5 Al For given answer correctly shown
dy 2 . . .
OR: —=2- 7= Ml For differentiating and equating to zero
dx (x+1)
Hence (x+1)* =1 Al For correct simplified quadratic in x
Sox=—2and 0= y=-5and 3 Ml For solving for x and substituting to find y
Al 4 | For given answer correctly shown
, 1 . _
(i) EITHER: 1If f(x)=In(x+2), then f(x)= 7 M1 For at least one differentiation attempt
+Xx
and f(x)=- 5 Al For correct first and second derivatives
2+ x)
f(0)=1n2,£10)=1,f10) =+ NNA For all three evaluations correct
Hence In(x+2)=In2+1x —éxz +.. |Al For three correct terms
OR: In(2+ x)=In[2(1+ %x)] M1 For factorising in this way
=In2+In(1+ %x) Al For using relevant log law correctly
3»° . :
=In2 +%x - 22 + M1 For use of standard series expansion
=In2+1x —%xz +... Al 4 | For three correct terms
(i) In2-x)=ml2-Lx—1x B1/ For replacing x by —x
2+x 1 1.2 1 1.2 : 1
In > = (1n2+5x—§x )—(1n2—5x—§x ) Ml For subtracting the two series
—Xx
= x , as required Al 3 | For showing given answer correctly
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(i) r=0=cos20=0=6= i%fr, i%ﬂ Ml For equating r to zero and solving for &
Al For any two correct values
Al 3 | For all four correct values and no others
1
(ii) Areais %J‘4lﬂ 4cos’20dO M1 For us of correct formula %J.rz de
e
B1/ For correct limits from (i)
1 1
ie. .[4]” I+cos46df= [0 +2sin 4191“’]r =i M1 For using double-angle formula
i i
Al For 6+sin4@ correct
Al 5 | For correct (exact) answer
(i) LHS is the total area of the four rectangles B1 For identifying rectangle areas (not heights)
RHS is the corresponding area under the curve,
which is clearly greater B1 2 | For correct explanation
4
(i) 1+3+1+1> j Ml For attempt at relevant new inequality
- 0 Xx+2
Al 2 | For correct statement
(iii) Sum is the area of 999 rectangles M1 For considering the sum as an area again
999 999
Bounds are J ! dx and J ! M1 For stating either integral as a bound
0o Xx+2 o x+1
So lower bound is [In(x+ 2)]299 =1n(500.5) Al For showing the given value correctly
and upper bound is [In(x + 1)]399 =1n(1000) Al 4 | Ditto
3t I 3 . .
i 1,= [—%x” (1-x)? ] +%nJ‘O X (1-x)? dx M1 For using integration by parts
0
Al For correct first stage result
1
= %njo X' 1-x)v/(1-x)dx Ml For use of limits in integrated term
M1 For splitting the remaining integral up
=2n(l, -1, Al For correct relation between I, and /,,_;
Hence (2n+3)I, =2nl,_, , as required Al 6 | For showing given answer correctly
(i) I,=71=3x2I, Ml For two uses of the recurrence relation
Al For correct expression in terms of 1,
1
Hence I, = %[—%(1 - x)ﬂ0 =& Ml For evaluation of I,
Al 4 | For correct answer
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dy _ coshx—uxsinhx

i) 5 M1 For differentiating and equating to zero
dx cosh” x
Max occurs when cosh x = xsinh x, i.e. xtanhx =1 (Al 2 | For showing given result correctly
G
1 \
Bl For correct sketch of y =tanhx
Bl For identification of asymptote y =1
Bl 3 | For correct explanation of & >1 based on
19) »x intersection (1,1) of y=1/x with y=1
x, tanhx, —1
(i) x,.,=x,— 5 Ml For correct Newton-Raphson structure
tanhx, +x, sech” x,
. f(x)
Al For all details in x ——— correct
(x)
x =1=x,=120177... Ml For using Newton-Raphson at least once
Al For x, correct to at least 3sf
x3 =1.1996785... Al 5 | For x; correct to at least 4sf
(iv) ¢ =0.2, ¢, =-0.002 B1/ For both magnitudes correct
—; = e—% =e; =—2X 1077 M1 For use of quadratic convergence property
& g
Al 3 | For answer of correct magnitude
. dr . .
@) =3 LA+t ) Bl For this relation, stated or used
1—cos o .
5 dt M1 For complete substitution for x in integrand
1+sin x
B1 For justification of limits O and 1 for ¢
T : t
= — . dr= 2y ZJ ——-dr  |Al 4 | For correct simplification to given answer
o VA+0)" 141 o1+ +17)
A Bt+
(ii) ;2 =— t_2C B1 For statement of correct form of pfs
A+)A+t7) 1+t 1+¢
Hence 1= A(1+1%)+ (Bt + C)(1+1) M1 For any use of the identity involving B or C
From which A= ——, = %, C :% B1 For correct value of A
Al For correct value of B
Al 5 | For correct value of C
1
(iii) Intis 2+/ 2[—%ln(l +1)++In(1+ 2)+ 1 tan™! t]o B1/ For both logarithm terms correct
B1/ For the inverse tan term correct
1 T
=4@—2In2) V2 M1 For use of appropriate limits
Al 4 | For correct (exact) answer in any form
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1

Find the general solution of the differential equation

dy y

de x

b

giving y in terms of x in your answer. [5]

The set S={a,b,c,d} under the binary operation * forms a group G of order 4 with the following
operation table.

*la b c d

ald a b c

bla b c d

c|b ¢ d a

d|lc d a b
(i) Find the order of each element of G. [3]
(ii) Write down a proper subgroup of G. [1]
(iii) Is the group G cyclic? Give a reason for your answer. [1]

(iv) State suitable values for each of a, b, ¢ and d in the case where the operation * is multiplication of
complex numbers. [1]

The planes /7, and /7, have equations r.(i—2j+2k)=1 and r.(2i+2j—k) =3 respectively. Find
(i) the acute angle between /7, and /7, , correct to the nearest degree, [4]

(ii) the equation of the line of intersection of /7, and /7, in the form r=a+7b . [4]

In this question, give your answers exactly in polar form re'?, where r>0 and ~-7<6<r.
(i) Express 4((y/3)—1) in polar form. [2]
(ii) Find the cube roots of 4((1/3)—1) in polar form. (4]

(iii) Sketch an Argand diagram showing the positions of the cube roots found in part (ii). Hence, or
otherwise, prove that the sum of these cube roots is zero. [3]

The lines /; and [/, have equations

x—=5 _ y—l= z-5 and x—1= y—llz Z—2'
1 -1 -2 —4 —-14 2

(i) Find the exact value of the shortest distance between /; and /, . [5]

(ii) Find an equation for the plane containing /, and parallel to /, in the form ax+by+cz=d . [4]
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6  The set S consists of all non-singular 2x?2 real matrices A such that AQ = QA , where

)

(ii)

(iii)

(ii)

(ii)

(iii)

1 1
o=(g 1)
Prove that each matrix A must be of the form (g Zj ) (4]

a

State clearly the restriction on the value of a such that ( 0

”j isin . (1
a

Prove that S is a group under the operation of matrix multiplication. (You may assume that matrix
multiplication is associative.) (5]

Prove that if z=e¢'?, then 7" +in =2cosné . [2]
Z

Express cos® @ in terms of cosines of multiples of 8, and hence find the exact value of

o,
[eostode. 8]
0
Find the value of the constant k such that y=kx’e™" is a particular integral of the differential
equation
d’y , ,dy 2
—+4—+4y=2e""". 4
At [4]
Find the solution of this differential equation for which y =1 and % =0 when x=0. [7]

: : : , d?
Use the differential equation to determine the value of dx_;) when x=0. Hence prove that 0< y <1

for x>0. (4]
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