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Introduction
As well as being concerned with deep fundamental questions, engineering mathematics forms the basis of most present and future technology.  Without an understanding of the basic mathematics and science of a problem, we will have difficulties.  For example, when compact disc players were developed, it was crucial that the physics of solid-state lasers and the interaction of light with matter were well understood.  This in turn depended on an understanding of atomic physics and quantum mechanics.  Other new technological developments depend on mathematics and science in a similar way.

One of the key ideas in mathematics is that behind the complexity of the world around us there is an underlying simplicity and unity in nature.  This is often expressed through all-embracing fundamental concepts such as the principle of conservation of energy.  Such concepts, when put to work using mathematics, provide explanations for how things happen.  Research at the frontiers of mathematics and science leads to a deeper understanding of the way things work and how matter behaves in different circumstances, and from this understanding follow the many practical applications of mathematics and science.

The aim of this qualification is to develop learners’ mathematical understanding. The qualification should be delivered in an engineering context, so that it can be brought alive, demystifying the subject and making it accessible to, and achievable by, all learners at this level. 

Learning through case studies could be utilised, with a presenter-led, dynamic, participant-based approach, built around selected case studies. Through discussion, analysis and sometimes role play, learners will gain new insights about the use of mathematics in engineering. 

The Royal Academy of Engineering and the Mathematics Task Group, in conjunction with industry, have developed a series of exemplars on how mathematics is used in engineering. These exemplars show how the mathematics within this syllabus is developed and used by engineers in an industrial context. Further details of these exemplars are given on page 5 of this document.

Experience of the role of case studies is important in many courses in engineering and it is anticipated that presenters will include case studies throughout the course so that learners develop a number of skills through such activities. Because case studies can cut across a number of learning outcomes and assessment criteria, the choice and use of such activities has been left to the presenter, though some have been suggested later in this document. 

The Mathematics for Engineering certificate is assessed through two components:

Component 1

A 60 mark question paper containing questions of different lengths and mark allocations. Candidates answer all questions of this externally assessed written exam which makes up 60% of the total marks and lasts 2 hours. 

Component 2

A 40 mark question paper containing questions of different lengths and mark allocations. Candidates answer all questions of this externally assessed written exam which makes up 40% of the total marks and lasts 1.5 hours.
The question paper for Component 2 is based on pre-release material which will consist of an engineering-related case study. 

Calculators, including graphical calculators, are allowed in both papers.

Presenters and learners are reminded that the question papers do not concentrate on academic questions like  ‘differentiate this’ and ‘integrate that’ but are more concerned with the understanding and application of such concepts.
Case Studies

To support the presenters of this qualification, a number of Engineering Mathematics Exemplars have been developed by the Royal Academy of Engineering.

The exemplars are intended to:

· motivate mathematics teaching and learning

· provide support for presenters  teaching contextualised mathematics for the first time

· help learners gain fluency in the use of mathematics for practical problem solving

· illustrate the applicability of the mathematics in the Additional Specialist Learning unit

· exemplify valuable activities undertaken by engineers

The exemplars can be found at: http://www.raeng.org.uk/education/diploma/maths/default.htm 
Examples are:

1 The Mathematics of Aircraft Navigation
Learning Outcomes

03: Understand the use of trigonometry to model situations involving oscillations

04: Understand the mathematical structure of a range of functions and be familiar with their graphs

07: Understand the methods of linear algebra and know how to use algebraic processes

09: Construct rigorous mathematical arguments and proofs in engineering context

10: Comprehend translations of common realistic engineering contexts into mathematics

Assessment Criteria

3.1: Solve problems in engineering requiring knowledge of trigonometric functions

4.2: Analyse functions represented by polynomial equations  

7.1: Solve engineering problems using vector methods

9.1: Use precise statements, logical deduction and inference

9.2: Manipulate mathematical expressions

9.3: Construct extended arguments to handle substantial problems

10.1: Read critically and comprehend longer mathematical arguments or examples of applications
2 Calculating Power of JCB Dieselmax Engine

Learning Outcomes

01: Understand the idea of mathematical modelling

04: Understand the mathematical structure of a range of functions and be familiar with their graphs

05: Know how 2D and 3D coordinate geometry is used to describe lines, planes and conic sections within engineering design and analysis

09: Construct rigorous mathematical arguments and proofs in an engineering context

10: Comprehend translations of common realistic engineering contexts into mathematics

Assessment Criteria

1.1: State assumptions made in establishing a specific mathematical model

4.1: Identify and describe functions and their graphs

4.2: Analyse functions represented by polynomial equations

5.1: Use equations of straight lines, circles, conic sections, and planes

9.1: Use precise statements, logical deduction and inference

9.2: Manipulate mathematical expressions

9.3: Construct extended arguments to handle substantial problems

10.1: Read critically and comprehend longer mathematical arguments or examples of applications
3 The Study of Root Mean Square (RMS) Value

Learning Outcomes

01: Understand the idea of mathematical modelling

03: Understand the use of trigonometry to model situations involving oscillations

04: Understand the mathematical structure of a range of functions and be familiar with their graphs

06: Know how to use differentiation and integration in the context of engineering analysis and problem solving

09: Construct rigorous mathematical arguments and proofs in engineering context

10: Comprehend translations of common realistic engineering contexts into mathematics

Assessment Criteria

1.1: State assumptions made in establishing a specific mathematical model

3.1: Solve problems in engineering requiring knowledge of trigonometric functions

3.2: Relate trigonometrical expressions to situations involving oscillations

4.1: Identify and describe functions and their graphs

4.2: Analyse functions represented by polynomial equations

6.3: Find definite and indefinite integrals of functions

9.1: Use precise statements, logical deduction and inference

9.2: Manipulate mathematical expressions

9.3: Construct extended arguments to handle substantial problems

10.1: Read critically and comprehend longer mathematical arguments or examples of applications

4 Formula One Race Strategy - McLaren Racing Limited

Learning Outcomes

01: Understand the idea of mathematical modelling

04: Understand the mathematical structure of a range of functions and be familiar with their graphs

06: Know how to use differentiation and integration in the context of engineering analysis and problem solving

09: Construct rigorous mathematical arguments and proofs in engineering context

10: Comprehend translations of common realistic engineering contexts into mathematics

Assessment Criteria

1.1: State assumptions made in establishing a specific mathematical model

1.2: Describe and use the modelling cycle

4.1: Identify and describe functions and their graphs

6.2: Use derivatives to classify stationary points of a function of one variable

6.3: Find definite and indefinite integrals of functions

6.4: Use integration to find areas and volumes

8.1: Summarise a set of data

9.1: Use precise statements, logical deduction and inference

9.2: Manipulate mathematical expressions

9.3: Construct extended arguments to handle substantial problems

10.1: Read critically and comprehend longer mathematical arguments or examples of applications

5 Wind Turbine Power Calculations - RWE npower renewables
Learning Outcomes

01: Understand the idea of mathematical modelling
02: Be familiar with a range of models of change, and growth and decay

05: Know how 2D and 3D coordinate geometry is used to describe lines, planes and conic sections within engineering design and analysis

06: Know how to use differentiation and integration in the context of engineering analysis and problem solving

09: Construct rigorous mathematical arguments and proofs in engineering context 

10: Comprehend translations of common realistic engineering contexts into mathematics 
Assessment Criteria

1.1: State assumptions made in establishing a specific mathematical model

1.2: Describe and use the modelling cycle

2.3: Set up and solve a differential equation to model a physical situation

4.1: Identify and describe functions and their graphs

4.2: Analyse functions represented by polynomial equations 

5.1: Use equations of straight lines, circles, conic sections, and planes

6.1: Calculate the rate of change of a function

9.1: Use precise statements, logical deduction and inference 

9.2: Manipulate mathematical expressions

9.3: Construct extended arguments to handle substantial problems

10.1: Read critically and comprehend longer mathematical arguments or examples of applications

Some of the many other exemplars are:

(a) 
Steam Pipe Insulation – Dr Alan Stevens (Rolls-Royce)
(b) 
The Mathematics of Escalators on the London Underground – Transport for London

(c) 
The study of engineering data – Health and Well Being

(d) 
The study of the Knee and Ankle during cycling

(e) 
Mathematics behind the water network in Rural Mountain Areas

(f) 
Handling Hazards liquids during chemical processing – M. W. Kellogg Limited

	OCR Level 3 Certificate in Mathematics for Engineering H860

	Suggested teaching time
	21 hours
	Topic
	Mathematical modelling – assessment criteria 1.1 and 1.2

	Topic outline
	Suggested teaching and homework activities 
	Suggested resources
	Points to note/ examples

	Modelling in mathematical terms


	State examples of modelling

Explain what is meant by the term ‘mathematical modelling’

State assumptions made in establishing the mathematical model for the case study selected

Describe the modelling cycle

Devise a model for a physical problem
	OCR Mathematics – List of Formulae and Statistical Tables

Booklet MF1

(This booklet can be referred to for all assessment criteria)

Caldwell J et al (2004)

Mathematical Modelling – Case studies and projects

Kluwer Academic Publishers

Howison S (2005)

Practical Applied Mathematics: Modelling, Analysis, Approximations

CUP
Meerschaert MM (2007)

Mathematical Modelling

Elsevier

Hritonenko N et al (2003)

Applied mathematical modelling of engineering problems

Kluwer Academic Publishers

Shier DR et al (2003)

Applied Mathematical Modelling: a multidisciplinary approach

Chapman & Hall/CRC 

http://en.wikipedia.org/wiki/Mathematical_model
www.math.montana.edu/frankw/ccp/modeling/topic.htm
www.ideers.bris.ac.uk
Maple 14 is the leading all purpose mathematics software tool with an advanced, high performance mathematical computation engine with fully integrated numerics & symbolics

www.Maplesoft.com

	Examples of modelling

The following are examples taken from “Mathematics for Engineering and Technology” by Huw Fox and W. Bolton. 

(a) 
Tall buildings are deflected by strong winds. Can we devise a model which can be used to predict the amount of deflection of a building for particular wind strengths?

(b) 
Cars have suspension systems. Can we devise a model which can be used to show how a car will react when driven over a lump in the road?   
(c) 
When a voltage is connected to a DC electric motor, can we devise a model that will predict how the torque developed by the motor will depend on the voltage?

(d) 
Can we devise a model to enable the optimum shaft to be designed for a power transmission system connecting a motor to a load?  
(e) 
Can we design a model to enable an appropriate transducer to be selected as part of the monitoring/activation circuit for the safe release of an air bag in a motor vehicle under crash conditions?  

(f) 
Can we devise models which will enable failure to be predicted in static and dynamic systems?  
(g) 
Can we devise models to enable automated, robotic controlled systems to be designed?

Other areas for consideration are:

fundamental laws of physics including Newton’s laws of motion, Newton’s law of cooling, Hooke’s law, Ohm’s law, Kirchhoff’s laws, Lenz’s law and Boyle’s law.

Practical applications are the study of modelling for:

projectiles, spring and damper systems, RCL circuits, liquid flow through pipes and tanks, stress and strain on materials, linear and circular movement of objects under the influence of forces and friction, heating and cooling of liquids.

Model – The dictionary states that a model is a representation of a designed or actual object proportioned in all dimensions; design to be followed, style of structure; person or things proposed for or worthy of imitation. 
The word model comes from the Italian language and is interpreted as, a copy or a template or a prototype of the original which is under consideration and has been studied.

Mathematical Modelling – A quote from the Massachusetts Institute of Technology states that:

“Modelling is a fundamental and quantitative way to understand complex systems and phenomena. Simulation is complementary to the traditional approaches of theory and experiment. Together, they make up an approach that can deal with a wide range of physical problems, and at the same time exploit the power of large-scale computing. This paradigm is becoming increasingly widespread in a number of disciplines in science and technology, giving rise to active fields of studies such as computational physics, chemistry, mechanics, and biology, to name just a few. Through modelling and simulation one can readily cross over from one discipline to another, which is to say that the basic concepts and techniques one learns are applicable to problems seemingly very different at the surface”.

Mathematical modelling is the use of mathematics to:

(a) 
Describe real-world phenomena

(b) 
Investigate important questions about the observed world

(c) 
Explain real-world phenomena

(d)
Test ideas

(e) 
Make predictions about the real world

Acknowledgement:

www.math.ualberta.ca/~devries/erc2001/slides.pdf
Modelling cycle:

(a) 
Identify the problem for which a model is needed 

(b) 
List all of the features involved 

(c) 
Consider any assumptions that can be made 

(d) 
Construct a mathematical model and solve it 

(e) 
Inspect and interpret the solution 

(f) 
Compare the solution to the original problem – if necessary, use feedback to improve the original model 

(g) 
Write up the results to include an evaluation of the findings


	OCR Level 3 Certificate in Mathematics for Engineering H860

	Suggested teaching time
	16 hours
	Topic
	Growth and decay – assessment criteria 2.1, 2.2 and 2.3

	Topic outline
	Suggested teaching and homework activities 
	Suggested resources
	Points to note/ examples

	Growth and decay

Explain what is meant by a differential equation


	State and use mathematical functions related to growth and decay

Solve problems involving exponential growth and decay

State and apply the laws of logarithms

State the form of a first order differential equation

Solve first order differential equations

List practical applications of first order differential equations


	Yates, J.C. (1993)

National Engineering Mathematics

The Macmillan Press Ltd

Bird JO (2010)

Engineering Mathematics

Newnes

Bird JO (2010)

Higher Engineering Mathematics

Newnes  

Anil Kumar De (2003)

A Text Book of Inorganic Chemistry

Page 48-73 Radioactivity

New Age International

www.physics.uoguelph.ca/tutorials/exp/intro.html
www.mathwarehouse.com/exponential-decay/graph-and-equation.php
http://regentsprep.org/regents/math/algebra/ae7/expdecayl.htm
www.cleavebooks.co.uk/scol/calgrow.htm
www.physics.uoguelph.ca/tutorials/exp/intro.html
www.winpossible.com/lessons/Algebra_2_The_laws_of_logarithm.html
Exponents

Logarithms

(All laws apply for any positive

a, b, x, and y.)

x = by is the same as y = logbx
b0 = 1

logb1 = 0

b1 = b
logbb = 1
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Blanchard P et al (2006)

Mathematics – Differential equations

Thompson HE

Zill DG (2009)

A first Course in Differential Equations: With Modeling Applications

Cengagel

Edwards CH 

Differential Equations

Prentice Hall

Nagle RK et al (2000)

Fundamentals of differential equations and boundary value problems 

Addison-Wesley

Bronson R (1994)

Schaum’s outline of theory and solution of differential equations

McGraw Hill

http://en.wikipedia.org/wiki/Differential_equation
www.sosmath.com/diffeq/diffeq.html
http://lorien.ncl.ac.uk/ming/control/gen/differ1.pdf
www.ucl.ac.uk/Mathematics/geomath/level2/deqn/MHde.html
http://mathworld.wolfram.com/OrdinaryDifferentialEquation.html
www.intmath.com/Differential-equations/1_Solving-DEs.php
www.ltcconline.net/greenl/courses/204/204.htm
www.analyzemath.com/calculus/Differential_Equations/simple.html
http://tutorial.math.lamar.edu/Classes/DE/DE.aspx
www.maths.surrey.ac.uk/explore/vithyaspages/
www.math.carleton.ca/~amingare/calculus/exercises-differential-equations.pdf
www.math.canterbury.ac.nz/php/resources/math100/differential-equations/
http://homepages.ulb.ac.be/~dgonze/TEACHING/ex_lde.pdf

	Exponential growth (including exponential decay) occurs when the growth rate of a mathematical function is proportional to the function's current value. In the case of a discrete domain of definition with equal intervals it is also called geometric growth or geometric decay (the function values form a geometric progression). The exponential growth model is also known as the Malthusian growth model.  
Acknowledgement: http://en.wikipedia.org/wiki/Exponential_growth
Examples of exponential growth and decay are

(a)
RL circuit – current growth and decay 

(b)
RC circuit – charge and discharge

(c)
radioactive decay

(d)
discharge of a lead-acid cell

(e)
liquid heating up or cooling down in a container

(f) 
sound intensity 

(g)
bacteria 

(h)
growth of population 

(i) 
compound interest 

Consider general formulae:

(a) y = aebx    
(b) y = a(1 + r)x  
(c) y = a(1 – r)x
Consider specific applications:

(a) linear expansion l = loeab 
(b) tension in belts T1 = Toeua 

(c) biological growth y = yoekt 
(d) discharge of a capacitor q =Qe-t/RC 

(e) radioactive decay N = Noe-wt 

(f) atmospheric pressure p = poe-h/c 

(g) decay of current in an inductive circuit i = Ie-Rt/L 

(h) growth of current in a capacitive circuit i = 1 – e-t/RC
1. A coil has a resistance of 250 ohms and an inductance of 5 henry. The coil is connected across a 100 volt DC supply and allowed to reach its final steady current. At this point the supply is removed and the coil is simultaneously short-circuited. Calculate the value of the decay current 0.04 seconds after the supply is disconnected.
I = V/R = 100/250 = 0.4 A

Decay current = i = Ie-Rt/L

                        = 0.4 e-(250 × 0.04)/5 
                                    = 0.054 A       

2. Solve 2log34 + log315 – log3240

2log34 + log315 – log3240

Using the power rule, 2 becomes the power of 4
= log342 + log315 – log3240

= log316 + log315 – log3240

Use product rule 

= log3(16 × 15) – log3240

Use the quotient rule
= log3(240 ÷ 240)
= log31 = 0

3.The power gain of an amplifier relates input power, P1, to output P0 as

Power Gain = 10 log P0/P1 decibels. 

Calculate

(a) 
the power gain if the output power is 24 W and the input power is                 300 mW,
(b) 
the output power for a gain of 40 dB with an input power of 600 mW.

A differential equation is any equation which contains derivatives, either ordinary derivatives or partial derivatives. 

Start with the DE

ay′′ + by′ + cy = 0

solve the auxiliary equation  

am2 + bm + c = 0

Then give the (standard) general solution to ay′′ + by′ + cy = 0

a) 
when the roots are real and different: 
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b) 
when the roots are real and equal:
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c) 
when the roots are complex (m = α ± jβ):
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Learners are expected remember these.

These give the complementary function (CF) to the more general equation

ay′′ + by′ + cy = f(x).
From f(x), find the particular integral (PI) and then the general solution

y = CF + PI

Remember the solutions for

y′′ + n2y = 0 
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and 

y′′ − n2y = 0  
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Consider initial conditions and particular solutions.

Applications of first order differential equations are   
(a) 
radioactive decay  
(b) 
Newton's Law of Cooling   
(c) 
orthogonal trajectories   
(d) 
population dynamics  
(e) 
work done in isothermal expansions  
(f) 
mixing of solutions 
(g) 
ventilation of rooms 
(h) 
belt drives   
(i) 
RL and RC circuits




	OCR Level 3 Certificate in Mathematics for Engineering H860

	Suggested teaching time
	16 hours
	Topic
	Trigonometry – assessment criteria 3.1 and 3.2

	Topic outline
	Suggested teaching and homework activities 
	Suggested resources
	Points to note/ examples

	Model situations using trigonometry
	State the six conventional trigonometric functions

Sketch the graphs of the six functions for any angle, pointing out the key features

Solve the equations, 

sin x = c, cos x = c and

tan x = c
For each case, state how many solutions there are in   0 ≤ x  ≤ 2π and find them

State and apply the sine rule for a non-right-angled triangle: 

a/sinA = b/sinB = c/sinC where A, B and C are angles within the triangle and a, b and c are the lengths of the three sides

State and apply the cosine rule for a non-right-angled triangle:

 a2 = b2 + c2 – 2bcCosA ,

b2 = a2 + c2 – 2acCosB and 
c2 = a2  + b2 – 2abCosC 
where A, B and C are angles within the triangle and a, b, 

and c are the lengths of the three sides

Interpret the terms in the formula of an oscillation

y = a sin(ωt + Ø) 

Solve problems of the type 
y = a sin(ωt + Ø) 

State and apply the standard identities, addition formulae and double angle formulae

State and apply   trigonometric identities

Modelling with functions


	Bird JO (2010)

Engineering Mathematics

Newnes

Bird JO (2010)

Higher Engineering Mathematics

Newnes  

Pratley, J.B. (1985)

Mathematics Level 2

McGraw-Hill

Yates, J.C. (1993)

National Engineering Mathematics

The Macmillan Press Ltd

Bird, B.O. (1995)

Early Engineering Mathematics

Newnes

Greer, A and Taylor, G.W.(1989)

Mathematics for Technicians

Stanley Thornes (Publishers) Ltd

Elen, L.W.F. (1971)

Mathematics

Thomas Nelson and Sons

Sterling, M.J. (2005)

Trigonometry for Dummies

John Wiley and Sons

Sterling, M.J. (2005)

Trigonometry workbook for Dummies

John Wiley and Sons

Abbott, P et al (2003)

Teach yourself trigonometry

Hodder

Moyer, R. and Ayres, F. (2008)

Schaum’s outline of trigonometry

McGraw Hill

Ross, D.A. (2009)

Master Math – Trigonometry

Cengage Learning

Abbott P et al (2001)

Teach yourself to understand

Trigonometry

Hodder

Larson R et al (2010)

Algebra and trigonometry

Cengage

Ayres F et al (2002)

Schaum’s easy outline of 

Trigonometry

McGraw Hill

Barnett RA et al (2007)

College algebra with trigonometry

McGraw Hill

Andreesca T et al (2005)

103 Trigonometry Problems

Birkauser

Gibilscos S (2003)

Trigonometry Demystified

McGraw Hill

Dugopolski M (2010)

Trigonometry

Pearson

Heizog DA (2005)

Trigonometry

John Wiley and Sons

Lawson R et al (2010)

Trigonometry

Cenage

www.syvum.com/math/trigo/
www.mathacademy.com/pr/prime/articles/trig_ident/index.asp
http://en.wikipedia.org/wiki/List_of_trigonometric_identities
www.analyzemath.com/Trigonometry.html
www.hofstra.edu/~matscw/trig/trig2.html
www.clarku.edu/~djoyce/trig/identities.html
www.oakroadsystems.com/math/trigsol.htm
www.video.google.com
www.youtube.com
www.hofstra.edu/~matscw/trig/trig1.html
www.wmueller.com/precalculus/families/1_70.html
www.intmath.com/Trigonometric-graphs/6_Composite-trigonometric-graphs.php
www.slideshare.net/.../trig-function-modeling-homework-3966977

	Trigonometric functions: sine, cosine, tangent, secant, cosecant and cotangent.

Key features of a sine wave: 

(a) Starts at co-ordinates (0, 0) rises to a maximum (90, 1) falls to (180, 0)

(b) Goes through the x-axis   

(c) Becomes the reverse shape of the first half cycle

(d) Falls to a reverse maximum (180, −1) and then rises to (360, 0) 

(e) The shape of the graph is unique and when plotted 0 - 360° is called one cycle

Remember the x-axis could also be labelled with radians i.e. 0,  π/6,  π/3,  π/2,  2π/3, … 2π
Key features of a cosine wave:

(a) The shape is the same as that of a sine wave but the y-axis has been moved to the right by 90°
(b) Starts at co-ordinates (0, 1) falling to (90, 0)

(c) Goes through the x-axis   

(d) Becomes the reverse shape of the first half cycle

(e) Falls to a reverse maximum (180, −1) and then rises to (270, 0)

(f) Goes through the x-axis

(g) Rises to (360°, 1) to complete one cycle

(h) Sine and cosine graphs oscillate between maximum values of ±1

Key features of a tangent wave:

(a) 
The shape is unique and nothing like a sine wave or cosine wave
(b) 
Starts at co-ordinates (0, 0) rising to infinity

(c) 
This pattern is repeated every 180° 
(d)
Each pattern goes through the x-axis, in one direction to positive infinity and in the reverse direction to negative infinity   

(d) For 0 to 360° there are three graphs

Key features of a secant graph:

(a) 
0 to 90° or 0 to π/2 radians – Increases from 1 without limit (1 to +
[image: image9.wmf]¥

)

(b) 
90°  to 180° or π/2 to π radians – Increases from large negative values to –1 (–
[image: image10.wmf]¥

 to –1)

(c) 
180° to 270° or  π/2 to 3π/2 radians – Decreases from −1 without limit              (–1 to –
[image: image11.wmf]¥

) 

(d) 
270° to 360° or 3π/2 to 2π radians – Decreases from large positive values to 1 (+
[image: image12.wmf]¥

 to 1) 

Key features of a cotangent graph:

(a) 
0 to 90° or 0 to π/2 radians – Decreases from large positive value                    to 0 (+
[image: image13.wmf]¥

 to 0)

(b) 
90°  to 180° or π/2 to π radians – Decreases from 0 without limit                     (0 to –
[image: image14.wmf]¥

)   

(c) 
180° to 270° or  π/2 to 3π/2 radians – Decreases from large positive values to 0 (+
[image: image15.wmf]¥

 to 0)

(d) 
270° to 360 or 3π/2 to 2π radians – Decreases from 0 without                       limit (0 to –
[image: image16.wmf]¥

) 

1. Determine all values of x for cos(3(x + 5)) = 0.5 for 0 ≤ x ≤ π
From the cosine graph, +60° and –60° have a cosine of 0.5

So   3(x + 5) = ±60 plus any multiple of 360°
         x + 5 = ±20 plus any multiple of 120°  e.g. 20°,  100°,  140° 
So     x = 15°, 95°, 135° in the specified range

Consider the formula y = a sin(ωt + Ø)

In electrical engineering, a formula could be

v = Vsin(314.2t + π/2)  where,

v = instantaneous value of voltage

V = maximum value of voltage

The sine function indicates that the graph is in the shape of a sine wave. 

ωt = 2πft where f is the frequency and t is the time at any instant.
Ø = an angle that signifies a lagging or leading situation. If the sign before Ø is positive then we have a leading situation and if the sign is negative we have a lagging situation.
2. Calculate the instantaneous voltages v1 and v2 for a time of 4 milliseconds for the following and state the relationship between the two voltages.
v1  = 12sin314.2t  and  v2 = 8sin(314.2t + π/3)

Hint: remember the angle is in radians

At time t = 4 ms = 0.004 s


v1 = 12sin314.2t = 12sin(314.2 x 0.004) = 11.41 V

Again at time t = 0.004 s  


v2 = 8sin(314.2t + π/3) = 8sin([314.2 x 0.004] + π/3) = 5.94 V

v2 leads v1 by π/3 radians i.e. 60°   

Other examples come from the area of vibrations and waves where displacement 

y = asin[2π/λ(x – vt)] 

Addition formulae are:

(a)
sin(A + B) = sinAcosB + cosAsinB
(b)
sin(A − B) = sinAcosB − cosAsinB
(c)
cos(A + B) = cosAcosB − sinAsinB
(d)
cos(A − B) = cosAcosB + sinAsinB

(e)
tan(A + B) = (tanA + tanB)/(1 − tanAtanB)  

(f) 
tan(A − B) = (tanA − tanB)/(1 + tanAtanB)

Double angle formulae are:

(a)
sin 2A = 2sin A cos A 

(b)
cos 2A = cos2 A − sin2 A 

(c)
tan 2A = 2tan A/(1 − tan2 A) 

Identities are: 

(a) 
tan x = sin x/cos x
(b) 
cot x = cos x/sin x
(c) 
sec x = 1/cos x
(d)
cosec x = 1/sin x
(e) 
cot x = 1/tan x
(f) 
cos2 x + sin2 x  = 1

3. Show that the identity sin2 x + cos2 x = 1 is true for x = 125° 
4. Consider a right-angled triangle and prove that 1 + tan2x = sec2x
5. Prove that the identity cot2θ + 1 = cosec2θ
Consider: 

(a) 
power factor correction

(b) 
projectile motion

(c) 
navigation

(d)
Oscillations of the type y = 2cos3(t – 0.25π) in the interval -π  ≤ t ≤ π
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	Mathematical structure of functions – assessment criteria 4.1 and 4.2

	Topic outline
	Suggested teaching and homework activities 
	Suggested resources
	Points to note/ examples

	Functions
Quadratic equation

Polynomial equations
Factorisation: factor and remainder theorem


	Explain what is meant by a composite function

Solve problems involving composite functions

Explain the term asymptote
Explain what is meant by an inverse function

Solve problems involving inverse functions

Plot graphs for a range of functions

State and apply the following types of function

(a) ramp function  
(b) step function

(c) modulus function

(d) odd and even functions

Solve quadratic equations using the factorisation, completing the square or formula method

Plot  graphs of the form

y = x3 and y = −x3

Plot and analyse functions of the form

f(x) = ax3 + bx2 + cx + d 

Explain what is meant by the remainder theorem and factor theorem
Factorise expressions that show a remainder

Explain what is meant by a cubic spline
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	A composite function is a combination of two functions, where you apply the first function and get a result and then put that answer into the second function or what you get when you take the output of one function and use it to solve the output of the next function.

1. Determine gf(x) for the following pairs of functions:

(a) 
f(x) = x2,      g(x) = x + 4 

(b) 
f(x) = 3x,     g(x) = ex
(a) 
f(x) = g(f(x)) = g(x2) = x2 + 4

(b) 
gf(x) = g(f(x)) = g(3x) = e3x
2. Write down the domain and range of the following functions:

(a) f(x) =1/(x + 4) 
(b) g(x) = 
[image: image17.wmf](6)
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(a) 
Given f(x) =1/(x + 4). 

Domain: all x values except x = 4. 


Range all values except f(x) = 0

(b) Given g(x) = 
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.


Domain x ≥ −6. Range g(x) > 0

3. Using f(x) = x − 2 and g(x) = 5x +3 find 

(a) 
f(g(2)) 
(b) 
g(f(−4))
(c) 
f(f(1))
(d) 
f(g(x))
4. Using f(x) = x2 and g(x + 1) find fg(x) and gf(x)


(fg)(x) = f(g(x)) = f(x = 1)2 = x2 + 2x + 1


(gf)(x) = g(f(x)) = g(x2) = x2 + 1

Asymptote - a straight line that is closely approached by a plane curve so that the perpendicular distance between them decreases to zero as the distance from the origin increases to infinity

An inverse function is a second function which undoes the work of the first one. An inverse function is not a reciprocal. eg The reciprocal of 50 is 1/50 which is 0.02 but it is not an inverse function.

The inverse of a function f is written as f −1.

5.  Given f(x) = 3x – 2, find f −1(x)


Replace f(x) with y

So y = 3x – 2

Replace x with y and y with x 

So x = 3y – 2

Solve for y 

So y = (x + 2)/3


        =(x/3) + (2/3)[image: image19.png]
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Replace y with f −1(x) 

So f −1(x) = (x/3) + (2/3)

6. Given f(t) = 2t, find f −1(t).
7. Given f(x) = 2(x + 3), find f −1(x).
Plot a graph for the following functions. For each graph give an analysis of your findings.

(a) 
f(x) = ax + b  
(b) 
f(x) = 1/(ax + b)
(c) 
f(x) = Aeax   
(d) 
f(x) = A logn x
(e) 
f(x) = Axn

A ramp function is an elementary unary real function, easily computable as the mean of its independent variable and its absolute value. The ramp function can be derived by inspecting the shape of a graph.

A step function can be written as a finite linear combination of indicator functions of intervals known as a piecewise constant function having only finitely many pieces.

Odd and even functions are functions which satisfy particular symmetry relations, with respect to taking additive inverses. They are used in mathematical analysis, such as the theory of power series and Fourier series.

8. Solve x2 + 6x + 8 = 0

By inspection


8 = (1)(8) or (2)(4)

Therefore (x + 2)(x + 4) = x2 + 6x + 8 = 0

So x = –2 or x = –4
9. Solve the following quadratic equations:

(a) x2 − 6x + 16 = (x − 3)2 + 7

(b) x2 + 4x − 5 = (x + 2)2 − 9

(c) x2 − 7x + 6 = (x – 1)(x – 6)

(d) x2 − 6x + 9 = (x – 3) 

A polynomial is a collection of powers of x. The factors are often worked out by trial and error.

10. Factorise the expression f(x) = x3 + 2x2 − x − 2 = 0

Start by looking at the constant 2; its integer divisors are ± 2, ± 1

Consider f(−2) = −8 + 8 + 2 − 2 = 0 so (x + 2) is a factor

Consider f(−1) = −1 + 2 + 1 − 2 = 0 so (x + 1) is a factor

Consider f(1) = 1 + 2 − 1 − 2 = 0 so (x − 1) is a factor

Therefore   x3 + 2x2 − x − 2  =  (x + 2)(x + 1)(x − 1)

This can be checked by multiplying out the right hand side brackets

Polynomials are used in order to determine the stability of certain engineering systems. 
11. Plot the graph of y = x3 for values of x from −5 to 5.

Note: 

(a) 
the graph occupies the third and first quadrants  
(b) 
the horizontal point of inflection is at the origin

12. Plot the graph of y = −x3 for values of x from −5 to 5.
Note: 
(a) 
the graph occupies the second and fourth quadrants 

(b) 
the horizontal point of inflection is at the origin.

Hint:

A curve almost shaped like an S is characteristic of functions of the type               y = ax3 + bx2 + cx + d where a, b, c, and d can be positive or negative values.

With this equation and type of curve the graph will cut the x-axis either once or three times.

13. Solve the equation x3 + 2x2 − 20x − 100 = 0 using a range of values of x from x = −10 to x = 10.
In this case when you draw the graph the curve will cut the axis once at about x = 4.7.
13. Use a graphical method to find the roots of the equation 

x3 – 3x2 – 2x + 1 = 0. Use a range of values of x from x = −3 to x = 6.

In this case you will find that the curve will cut the x-axis on three occasions.
Note: An example of cubic quadratic relation can be found in the surface area of a sphere.
For a polynomial, the remainder theorem states that for a function f(x), f(a) is the remainder when f(x) is divided by (x – a).
14. Calculate the remainder when f(x) = 5x3 – 2x2 + x – 3 is divided by 

(x – 2).


When x – 2 = 0,   x = 2


f(x) = 5x3 – 2x2 + x – 3 


therefore f(2) = 5(23) – 2(22) + 2 – 3 = 31


The remainder is 31

15. Divide x3 − 5x2 + 3x − 7 by x − 2.


We find


(x3 − 5x2 + 3x − 7)/(x − 2) = (x2 − 3x − 3) − 13

The remainder is −13   (= f(2)).
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	Co-ordinate geometry – assessment criteria 5.1, 5.2 and 5.3

	Topic outline
	Suggested teaching and homework activities
	Suggested resources
	Points to note/ examples

	Coordinate geometry:

Straight lines

Circle

Conic sections

Parabola

Ellipse

Hyperbola

Rectangular hyperbola

2D/3D Geometry


	Define the terms gradient and intercept with reference to a straight line

Obtain and use the equation y = mx + c
Obtain and use the equation 

y – y1 = m(x – x1)

Obtain and use the equation of a line through two given points
Obtain and use the equation

(x/a) + (b/a) = 1
Obtain and use the equation
ax + by + cz = 0


Given the coordinates of the centre of a circle, and its radius, find its equation in both standard and expanded form, and vice-versa

Find the equations of the tangent and normal at a given point

State how the standard conic sections are developed from a cone
Recognise the equations of a circle, a parabola,  

an ellipse and a hyperbola in standard form

List a number of uses of the shape of a parabola

Calculate the vertex and axis point for a parabola

List a number of uses of the shape of an ellipse

Use the ellipse equation to obtain simple results,

including the equations of the tangent and normal at a point

List a number of uses of the shape of an hyperbola

Use the hyperbola equation to obtain simple results, including the equations of the tangent and normal at a point

Explain what is meant by a rectangular hyperbola

Recognise the equation of a rectangular hyperbola in standard form

Calculate the distance between two given points in 2D and in 3D

Calculate the shortest distance between a given point and a given straight line

Interpret terms in the equation of a line in 3D

State that lines can intersect, or are parallel or are skew 

Find the angle between two given lines

Determine the equation of a plane.
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	A straight line graph is connected by the equation y = mx + c  where

m is the gradient and c is the intercept. 

The intercept is the value on the y-axis that is cut by the straight line.    

The gradient is the vertical distance between two points on the line divided by the horizontal distance between them. 

There are four types of gradient: 

(a) 
negative – the straight line slopes down from left to right; 

(b) 
positive – the straight line slopes up from left to right; 

(c) 
zero gradient – the straight line is parallel to the x-axis where m is zero; 

(d)
no gradient – the straight line is parallel to the y-axis. 

1. In a test on a metal bar the following results were obtained:

Load (N)
20

30

40

50

60

Extension (mm)

0.1

0.2

0.3

0.4

0.5

The load (L) and extension (E) are assumed to be related by a straight line law in the form E = mL + c.  Plot a graph to confirm that this is so, and find the values of m and c.

Other areas of application are a lifting machine relating load to effort, resistance of a wire related to temperature, stress-strain graphs, a moving body relating distance to time, a rod relating length to temperature, Ohm’s law, Hooke’s law.

The most common forms of an equation of a straight line are: 
(a)
axx + by + c = 0
(b)
y = mx + c            
(The gradient-intercept form)

(c)
y − y1 = m(x − x1)  
(The point gradient form is when a given line 
passes through the point (x1, y1)  with a gradient m)

(d) 
(x/a) + (y/b) = 1    
(The intercept form is when the line has



x-intercept a and y-intercept b)

2. Find the equation to the straight line which passes through the point (3, 4) and makes an angle of 45° with the x-axis.

Consider equation y = mx + c   then the gradient m = tan 45° = 1

For the equation  y − y1  =  m(x − x1),  x1 = 3 and y1 = 4

So y − 4 = 1(x − 3)  or y − 4 = x − 3 or x − y = −4 + 3 = −1 or 

x − y + 1 = 0 or y = x + 1

3. Draw a graph of (x/2) + (y/6) = 1. From the graph determine a value for the gradient and intercept. Confirm the graphical values by transposing the equation in the form of y = mx + c. 

A graph can be plotted using worked-out values.

x

2

4

6

8

10

y

0

−6

−12

−18

−24

From the graph it will be found that the intercept is 6 and the gradient is −3.

Transpose the equation:

(x/2) + (y/6) = 1   so (y/6) = 1 − (x/2)     so y =  6[1 − (x/2)]  so y = 6 − 3x
For straight line equation  y = −3x  + 6  ie gradient = −3 and 

intercept = 6

Given the equation ax + by + zc = 0 we need to transpose for y.
ax + by + zc = 0 so  by = −cz − ax  which means y = (−cz − ax)/b
4. Plot the graph 2x + 5y + 4 = 0 for values of x between x = −3 and x = +3
The equation of a circle is (x − a)2 + (y − b)2 = r2  with centre ab and radius r.

By expansion we have       x2 − 2ax + a2 + y2 − 2by + b2 = r2
Rewritten                            x2 + y2 − 2ax − 2by + a2 +  b2 − r2  = 0

5. Find the coordinates of the centre and radius of the circle 

 x2 + y2 + 4x − 12y − 24  = 0

Rewrite the equation   (x2 + 4x + 4) + (y2 − 12y + 36)  =  4 + 36 + 24

So                                (x + 2)2 + (y − 6)2 = 64

So coordinates of centre are (−2, 6)
Radius = 
[image: image22.wmf]64

 = 8
The normal at a given point on a circle is a line that passes through the point and cuts the circumference at right angles.

The tangent at a given point on a circle is a line that just touches the circle at the chosen point but does not cut the circle.    

To find the normal we use the equation

(y − y1)/(y2 − y1) = (x − x1)/(x2 − x1) 
and to find the tangent we use the equation  

m = (y − y1)/(x2 − x1)
6. Find the normal to the circle (x − 1)2 + (y − 3)2 = 64 at (6, 6)

Given equation (y − y1)/(y2 − y1) = (x − x1)/(x2 − x1)

The normal is the line passing through (1, 3) and (6, 6)

Becomes (y − 3)/(6 − 3) = (x − 1)/(6 − 1)

So            (y − 3)/ 3 = (x − 1)/ 5

So 5y − 15 = 3x − 3 leads to the normal equation 5y − 3x = 12

When a cone is cross sectioned in a number of planes we can obtain a number of shapes:

Circle – horizontal cross section

Parabola – 45° cross section from a horizontal base

Ellipse – 30° cross section just below the cone apex

Hyperbola – vertical cross section from the base

Table of standard form equations for each conic section centred on the origin

Conic section

Cartesian equation

Polar equation

Circle
x2  +  y2 = a2

R = a
Parabola

y2 = 4ax
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Ellipse
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Hyperbola
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Rectangular Hyperbola

xy = a2

Parabola shapes:

flight of a space craft

radar dishes
aqueducts

telescopes

domes in igloos
magnifying glass
path of a projectile

supporting chains on suspension bridges

focusing mirror of the headlamp of a motor vehicle

trough mirrors

satellite dishes
7. Show that the equation x2 + 6x + 4y + 17 = 0 represents a parabola and find the coordinates of its vertex and the equation of its axis.
Equation rewritten becomes x2 + 6x + 9+ 4y + 8 = 0

which gives  (x + 3)2  = −4(y + 2).
This is the equation of a parabola whose vertex is at (−3,  −1) and 

whose axis is x = −3.
8. A suspension bridge is 100 m long and carries a vertical platform using vertical tie rods at 10 m intervals. If the height of the piers is 

14 m and the vertex of the parabola in which the chain hangs is 10 m below the tops of the piers determine the length of each rod.

Elliptical shapes:

orbiting satellites

Australian rules football pitch

mirrors

lens

loudspeakers

cross-section of space vehicles

spotlight on a planar surface

fins 

airfoils in structures that move through the air 

The Statuary Hall in the U.S. Capital building 

whispering galleries such as in St. Paul's Cathedral in London

micron-sized perm-alloy ellipse

optical mouse

single bounce ellipsoidal capillary 

9. Find the equations to the tangent and normal to the ellipse 6x2 + 4y2 = 232 at the point in the first quadrant whose y-ordinate is 2.

Given y = 2  gives  6x2 + 4(2)2 = 232  so 6x2 = 232 – 16 = 216

so x = ± 6

The coordinates of the point in the first quadrant is (6, 2)

Equation to the ellipse is (x2/[232/6]) + (y2/[232/4]) = 1 

The tangent at the point is (6x/[232/6]) + (2y/[232/4]) = 1 

or 36x + 8y = 232

The normal is ([x – 6]/[6(232/4)]) = ([y – 2]/[2(232/6)]) 

or 2x – 9y + 6 = 0

Hyperbola shape:

Dulles Airport, designed by Eero Saarinen is in the shape of a 

hyperbolic paraboloid

household lamp casts hyperbolic shadows on a wall

cooling towers

decorative bowls

goblets

Keppler’s law used in space craft for open orbit and escape velocity 

two hyperboloids of revolution can provide gear transmission between two skew axes

9. Write down the equations to the tangent and normal to the
hyperbola 8x2 – 4y2 = 32 at the point (4, 5)

Hyperbola equation is  (x2/a2) − (y2/b2) = 1

So that a2 = 4 and b2 = 8

At point (4, 5) equation to the tangent is 8x/7 − 5y/7 = 1 

or 8x − 5y = 7
The normal is (−x + 4)/(32) = (y − 5)(20) or 8y + 5x = 60
A rectangular hyperbola is a hyperbola that has perpendicular asymptotes. 

An asymptote is a straight line that is the limiting value of a curve and is considered as its tangent at infinity.

There are standard forms of the equation:

x/a + y/b = 0 or x/a − y/b =0 or xy = constant2

The distance between points in 2D and 3D can be found using the following system:

For 2D

Two points need to be defined 

Point 1 at (x1, y1), Point 2 at (x2,  y2).
Horizontal distance  xd  = x2 − x1

Vertical distance  yd  = y2 −  y1            

Distance between two points  = 
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For 3D

Three points need to be defined

Point 1 at (x1, y1,  z1  ),  Point 2 at (x2,  y2,  y2 ), Point 3 at  (x3, y3, z3).
Then   xd  = x2  − x1

           yd  = y2 −  y1       

           zd  = z2 −  z1        

Distance between three points = 
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10. Find the distance between the pair of points (2, −6) and (−5, −4).
Horizontal distance xd = −5 − 2 = −7

Vertical distance     yd = −4 − −6 = 2

Distance between two points  = 
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11. Find the distance between the pair of points (0,  5,  2) and (3,  8,  −4)

Distance  xd  = x2  − x1 = 3 − 0 = 3

                yd  = y2 − y1  =   8 − 5 = 3   

                zd  = z2 − z1 = −4 − 2 = −6      

Distance between three points   = 
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To calculate the shortest distance between a given point and a straight line the technique employed is similar to the above. Pythagoras’ theorem is used. 

12. Find the distance between the point (1, 3) and the line 2x + 3y = 6.

Plot a graph of x against y. 

2x + 3y = 6 can be written y = (6 – 2x)/3

x

0

2

4

6

y

2

⅔

-⅔

-2

From the graph:
Vertical distance = 2 − 1 = 1

Horizontal distance = 0 −1 = −1
Distance between point and line = 
[image: image36.wmf]22
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For 3D coordinates a line can be written as:



x = x1 + m1t


y = y1 + m2t


z = z1 + m3t
The line is passing through the point (xo, yo, zo) with the constants m1, m2, and m3 being the appropriate gradients in the three directions and with t as a variable parameter.

Assume that parameter t increases when you move along the line. This then means that at each point along the line t will have a value which gives a value of (x, y, z) at that point.

13. Find a general point on the line  (x – 1)/2 =(y – 2)/3 = (z – 4)/1

For any pair of lines, one of three conditions will exist:

(a) the lines are parallel and do not intersect

(b) the lines are not parallel and can intersect

(c) the lines are not parallel and do not intersect

In case (c) the lines are called skew.
Consider a point A in a 3D situation. The direction cosine of point A gives the angle between the position vector and the three axes. If point A has coordinates (x, y, z) then we can state the direction cosines as:

(a) cosα = x/
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(b) cosβ = y/
[image: image38.wmf]222

xyz

++

 

(c) cosγ = z/
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14. Calculate the angles giving the direction cosines for 2i + 4j + 6k.

The coordinates are (2, 4, 6)

So   cosα = x/
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xyz

++

= 2/
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= 2/
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= 0.2673 

Therefore α = cos−10.2673 = 74.5°

cosβ = y/
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 = 4/ 
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 = 4/
[image: image45.wmf]56

 = 0.5345

Therefore β = cos−10.5345 = 57.7°   

cosγ = z/
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 =  6/
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 = 6/
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 = 0.8018

Therefore  γ = cos−10.8018  =  36.7°
15. Find the angle between the lines (x – 3)/2 = (y – 2)/1 = (z – 4)/2 and

(x − 4)/3 = (y − 2)/2 = (z − 3)/1.
16. Given that the position vectors of three points A, B and C are 
a = (1, 1, 0), b = (3, 0, 1), c = (2, 1, 1) respectively, calculate:

(a) 
vector AB, 

(b) 
vector CB, 

(c) 
the equation of the plane containing the three points A, B and C.  

(a) Vector  AB = (b − a) = (3 − 1)(0 − 1)(1 − 0) = (2, −1, 1)

(b) Vector  CB = (b − c) = (3 − 2)(0 − 1)(1 − 1) = (1, −1, 0)

(c) 
Equation of a plane is given by  r.n = p.n where p is a point in 
the plane

            n = (b − a) × (b − c) = 
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Therefore a normal to the plane = (1, 1, −1) = n
Equation of a plane is r.n  =  p.n
If point p = a then    r . (1, 1, −1) = (1, 1, 0) . (1, 1, −1) = 2

If point p = b then    r . (1, 1, −1) = (3, 0, 1) . (1, 1, −1) = 2

If point p = c then    r . (1, 1, −1) = (2, 1, 1) . (1, 1, −1) = 2
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	Differentiation and integration – assessment criteria 6.1, 6.2, 6.3 and 6.4

	Topic outline
	Suggested teaching and homework activities 
	Suggested resources
	Points to note/examples

	Differentiation of algebraic functions

Differentiation of trigonometric functions

Differentiation of the exponential function

Differentiation of the logarithmic function

Maximum and minimum turning points

Differentiation of a product

Differentiation of a quotient


	State and apply the rules to differentiate simple algebraic functions

Apply the rules to carry out successive differentiation

Differentiate functions of the form 

(i)
y = sinx 

(ii)   
y = a.sinx 

(iii)  
y = a.sinbx  

(iv) 
y = cosx  

(v)  
y = a.cosx 

(vi) 
y = a.cosbx 

(vii) 
y = a.cosx + b.sinx
(viii)
y = secx
(xi) 
y = cosecx
(x)  
y = cotx
Define the differential properties of exponential and logarithmic functions

State and apply the rule for differentiating an exponential function

State and apply the rule for differentiating a logarithmic function 

Given a graph of 
y = x3 – 3x – 1, identify the maximum and minimum turning point and then determine the co-ordinates of the turning points by differentiating the equation twice. If d2y/dx2 is positive for a value of x the turning point is at a minimum value for y. If d2y/dx2 is negative for a value of x the turning point is at a maximum value for y
State and apply the rule for differentiating a product:

For any of the functions
f and g
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In other words, the derivative of the function 
h(x) = f(x) × g(x) with respect to x is
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In Leibniz's notation this is written
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State and apply the rule for differentiating a quotient:

If f and g are functions, then:


[image: image55.wmf]2

ffgfg

g

g

¢

¢¢

æö

-

=

ç÷

èø


wherever g is non-zero. 
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	If y = a.xn then dy/dx = nxn -1

If y = f(x) + g(x) then dy/dx = f′(x) + g′(x)

Rates of change:

the rate of change for 

(a)
voltage with respect to time is dv/dt 

(b)
temperature with respect to time is dθ/dt 

(c)
length with respect to temperature is dl/dθ 

(d)
luminous intensity with respect to voltage is di/dv etc.

When a function y = f(x) is differentiated, the differential coefficient is f′(x) or dy/dx. If the expression is differentiated again, the second differential is f′′(x) or d2y/dx2 i.e. successive differentiation.

1. Solve problems in the area of mechanics using the formula for distance (s) travelled by a body in t seconds is given by s = t3 – 5t2 – 3t. 
Express the velocity in terms of time t. 

Velocity = ds/dt and acceleration = d2s/dt2.

2. Given that an alternating voltage is given by v = 120 sin 40t where v is in volts and t in seconds. Calculate the rate of change of voltage for a given time.

3. If y = a.ebx then dy/dx = ba.ebx  

4. If y = a.e-bx then 

dy/dx = –ba.e-bx
5. If y = lnx then dy/dx = 1/x
6. If y = ln3x then dy/dx = 1/x 

7. If y = 4ln2x then dy/dx = 4/x
8. Solve problems involving laws such as

(i) 
linear expansion l = loeab 

(ii) 
tension in belts T1 = Toeua 

(iii) 
biological growth y = yoekt 
(iv) 
discharge of a capacitor q =Qe-t/RC 
(v) 
radioactive decay N = Noe-wt  

(vi) 
atmospheric pressure  p = poe-h/c  
(vii) 
decay of current in an inductive circuit i = Ie-Rt/L 
(viii) 
growth of current in a capacitive circuit i = I(1 – e-t/RC)

9.  A rectangular sheet metal box, without a lid, has square sides of side x metres. If the volume is 21 m3, show that the area of sheet metal is given by 

SA = 2x2 + 63/x.

10. Given that the surface area S of a cylindrical water tank is given by 

S = 2π(r2 + 6750/r). Calculate the dimensions of the tank so that its total surface area is a minimum.

11. The bending moment BM of a beam of length l at a distance d from one end is given by BM = Ld(l – d)/2, where L is the load per unit length. Find the maximum bending moment.

12. Differentiate the following

(a) 
y = sinx + lnx 

(b) 
y = sinx – 2e-x
(c) 
y = xsin2x
(d) 
y = 6
[image: image56.wmf]x
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(e) 
y = 4x2 cosx

(f) 
y = 4x(x2 – 1)

(g) 
y = ex/ (x2 + 1)  

(h) 
y = 5e6x/sinx
(i) 
y = ln 5x/5sinx


	Indefinite integrals

Definite integrals

Integrals of sinx, cosx and sec2x
Integration of the exponential function

Integration of 1/x
Integration by parts

Partial fractions

Area under a curve

The mean value and RMS value

Volume of a solid of revolution

Centroid of a plane area
	Define indefinite integration as the reverse process to differentiation and state that an indefinite integral does not reveal a calculated value

Recognise the symbol 
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for integration

State and apply the rule to integrate simple algebraic functions 

eg If y = axn  then  
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where C is a constant

The term dx indicates the variable that is the subject of the integration process and 
n ≠ –1

State and apply the rule for a definite integral 

State that in all calculations for definite integrals the constant C will disappear when an upper and lower limit are given

State and apply that 

(a)
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(c)
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State and apply that
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and 
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State and apply that
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Carry out indefinite and definite integration by the method of parts

eg integration by parts is generally applied to products using the following rule:
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Obtain partial fractions in the cases where the denominator of the original fraction 

(i) is a product of two or three linear factors 

(ii) contains a repeated factor 

(iii) comprises a linear factor and an irreducible simple quadratic factor

Carry out indefinite and definite integration of a fraction directly, or by means of partial fractions

State and apply that the interpretation of a definite integral is that it represents the area between the function f(x) and the x-axis between the limits given

Use definite integration to find the area between the axis and a curve lying entirely above the x-axis

Find the area between a curve and the x-axis when part of, or all, the curve lies below the axis

Use definite integration to find the area between two intersecting curves

Explain what is meant by mean value

Explain what is meant by root mean square value

Find the mean value and root mean square value of a function over an interval
Explain what is meant by a volume of a solid of revolution

Calculate the volume of a solid of revolution

Calculate the coordinates of a centroid
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	1. Integrate x3 + 3x2 + x with respect to x
2. Integrate x1.4 + 1/x3 with respect to x
3. Integrate 6x4 +
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 with respect to x
4. Calculate a value for the definite integral 
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The numerical values of 2 and 4 mean that x = 2 and x = 4.

When x = 4, integral = 3x2 + C = 48 + C
When x = 2, integral = 3x2 + C = 12 + C

So 
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= (48 + C) – (12 + C)

                    = 48 + C – 12 – C 

                    = 36 

ie  
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5. Integrate 
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6. Integrate 
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7. Integrate 
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8. Integrate 
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9. Integrate the following with respect to x 

(a) 
sin2x 
(b) 
cos3x 

(c) 
cos(2x + Ø)

(d) 
sec2ax

(e) 
4sec26x
10. Evaluate the following integrals all between the limits of 0 and π/2 

(a) 
sinx 

(b) 
cosx 

(c) 
sin3x 

(d) 
cos3x 

(e) 
3 cos5x 

(f) 
sinx + cosx 

(g) 
4sin5x + 3cos4x 

(h) 
cos4x – 5sinx 
(i) 
2x3 + cos4x – 3sin4x 

(j) 
sin4x + 2cos6x + 
[image: image75.wmf]x


11. Integrate the following with respect to x
(a) 
5ex
(b) 
1/3x
(c) 
3ex + 2 sinx
(d) 
6e5x
(e) 
3/e4x
12. Evaluate

(a) 
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(b) 
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13.  Find  
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The general rule is if part of the equation contains an x then let u = x and the other part be 
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when u = x  then 
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From the formula:   
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Integral    = 
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                = [217006 – 18083.9]  –  [268.953 – 44.8254]

                = 198698 correct to 6 s.f.

Partial fractions where the denominator of the original fraction is a product of two or three linear factors:
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Partial fractions where the denominator contains a repeated factor:
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Partial fractions including a quadratic factor that does not factorise:
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14. 
Find the area between the curve y = x and the x-axis between the values x = 0 and x =12.
Equation: y = x
Area under the curve = 
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                                   = 
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A check on y = x can be made by plotting a graph of x against y.

Further examples of areas under a curve are:

(a) voltage/current graph gives power used

(b) pressure/volume graph gives work done

(c) normal distribution curves in statistics give probabilities

(d) force/distance graphs gives work done

(e) velocity/time graphs give distance travelled.

15. Find the area under the curve y = (x – 3)(x – 2) from x = 2 and x = 3.
16. Find the area enclosed between the curves y = x2 + 4 and y = 24 – x.

At the points of intersection their coordinates are the same.


Since  y = x2 + 4 and y = 24 – x then x2 + 4 = 24 – x at the points of 
intersection.

So   0
= x2 + 4 – 24 + x
         

= x2 + x – 20  = (x – 4)(x + 5)


From this x = 4 or x = –5


Area between the curves
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= [(96 – 8) – (–120 – 12.5)]  –  [(64/3 + 16) – (–125/3 – 20)]



= (88 + 132.5) – (37.33 + 61.67)



= 220.5 – 99



= 121.5 square units

17. The brakes are applied to a train and the velocity (v) at any time (t) seconds after applying  the brakes is given by  v = (18 – 3.5t) ms-1 

Calculate the distance travelled in 6 seconds if distance (d) = 
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18. The force (F) newtons acting on a body at a distance x metres from a fixed point is given by F = 4x + 3x2 . 

Calculate the work done (W) = 
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 when the body moves from the position where x = 4 m to that where x = 8 m.

The mean or average value in general terms is the sum of a number of items divided by the number of items considered.

The area under a curve y = f(x) between the limits a and b is given by
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From this the mean value of the function = 
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The root mean square value of a quantity is what it says – the square root of the mean value of the squared values of the quantities taken over an interval.
r.m.s. value = 
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Practical applications of the root mean square values are:

(a) 
Alternating currents and voltages

(b) 
Average rate of heating of an electric current

(c) 
Average linear velocity of a body rotating about an axis.

19. An alternating current waveform is given by i = 12 sinθ amperes. Calculate the mean and r.m.s. value of the current over half a cycle. 

General equation: 

Mean value  =  
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In this case the period is half a cycle so a = 0 and b = π 
Mean value  = 
[image: image102.wmf]0
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Mean value  = 
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                     = 24/π = 7.64 A

R.M.S value =   
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From algebra:  sin2 θ = (1 – cos2θ)/2

R.M.S value

= 
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= 
[image: image110.wmf]0

72sin2

2

p

q

q

p

éù

-

êú

ëû

 

= 
[image: image111.wmf]72sin2sin0

0

22

p

p

p

æöæö

---

ç÷ç÷

èøèø


= 
[image: image112.wmf](

)

(

)

72

000

p

p

---


= 
[image: image113.wmf]72

 = 8.49 A  

A volume of a solid revolution is formed when the area under a curve included by two coordinates is rotated. Any plane perpendicular to the x-axis will be circular in cross section.

The volume is also expressed as a definite integral. The volume of a solid revolution about the x-axis of the area under a curve y = f(x) between the limits x = a and x = b is given by:

Volume V =  π 
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or    V = π
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20.  Determine the volume of a solid revolution when y =
[image: image116.wmf]x

 between 

x = 2 and x = 8 is rotated through 360° about the x-axis.

V =  π
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    =  π
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    = 94.25 cubic units
21. The curve y = 1 + x2 between x = 0 and x = 1 is rotated about the 

x-axis. Find the volume of revolution given by π
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The centroid is the geometric centre of a body. If the body is uniform the centroid and centre of gravity are at the same point. For a thin sheet known as a lamina, the centroid is the point at which the lamina balances perfectly. 

When we take moments of the area about the y-axis we can obtain the position of the centroid x and in a like manner obtain y.

x = 
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  and  y = 
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22. Determine the coordinates of the centroid of the area bounded by the curve y = 4x2, the x-axis, and the ordinates x = 0 and x = 5.

Moment of area about y-axis 
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         =   (4 x 53)/3  =  500/3   

So x = Moment of area/ area =  625 / (500/3) = 3.75 units

Moment of area about the x-axis

  = 0.5
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  = 0.5
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   =  8
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= 5000

The area remains the same value of 500/3

y = 5000/(500/3) = 30 units

The coordinates of the centroid are (3.75, 30).
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	Scalar and vector quantities

Matrices

Sequences and series

Arithmetic sequences and series

Geometric sequences and series

The sum of an infinite series

Binomial expansion 

Compound interest

Inequalities

Linear Programming

Complex numbers

	Explain what is meant by a vector and scalar quantity

Draw a vector diagram 

Explain what is meant by scalar multiplication of a vector

Determine the resultant of the addition of two vectors 

Explain how a vector quantity can be resolved into two components

Solve simple problems in geometry using vector methods

Explain what is meant by complex number format

State and apply the representation of vectors in component form

Solve problems in geometry using vector methods

Obtain the scalar product of two vectors in component form and use it to find the angle between them
Obtain the vector equation of a line in 2D and of a line in 3D

Be able to define the terms concerning matrices

Solve two simultaneous equations in two

unknowns
Solve simultaneous equations using Cramer’s rule

Identify key features of a sequence and a series model including the idea of infinite sequences and series

Identify the parameters of an arithmetic sequence and find the sum of the associated series

Identify the parameters of an geometric sequence and find the sum of the associated series

The sum of an infinite series

Apply the criterion  for existence of such a sum for a geometric progression and find its value

Find a general term in the expansion of

(1 + x)n,

(a + bx)n
Write down Pascal’s triangle

Find a general term in the expansion of (1 + x)n
Find a general term in the expansion of 

(a + bx)n
Use the binomial expansion to approximate a simple rational function, stating a range of validity

Calculate compound interest

Plot linear inequalities on a graph

Construct a linear programme from given situations involving two and three variables

Explain what is meant by a complex number

Identify real and imaginary parts of a complex number

Plot points representing given complex numbers on an Argand diagram

Carry out the addition and subtraction of two complex numbers

Obtain the conjugate of a complex number and understand their relationship geometrically on an Argand diagram

Carry out the multiplication and division of two complex numbers

Identify the modulus and argument of a complex number in polar form and convert to and from the Cartesian form
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	A vector quantity is one that has magnitude and direction e.g. a force of 15 N acting due north.
A scalar quantity only has the property of magnitude e.g. time.
Vectors are normally drawn as arrows with a single line vector having two components. 

The vector will have an x component and a y component.

1. Draw a vector having coordinates of (0, 0) and (10, 10).  Comment on its shape.

The vector will be a straight line at 45° to the horizontal.

2. Draw a vector diagram of the following forces:

(a)
15 N acting due east

(b)
10 N acting at 75° to the horizontal

(c)
5 N acting 45° north of east

(d)
8 N acting at 200° to the horizontal

The scalar multiplication or scalar product of two vectors gives us information about the relationship between two lines in space and their directions. If the lines lie in the same plane they can be parallel or they can intersect.

Scalar product is an arithmetic multiplication.

Addition of two vectors pictorially – the resultant of a number of forces is a single force that produces the same effect. To find a resultant of two forces we can use the parallelogram method.

3. Find, graphically, the resultant of two forces, of 40N and 60N, at right angles to one another acting at a point.
4. Two electric cables lie in a horizontal plane at an angle of 125° to each other and are attached to the top of a vertical pole. The forces in the cables are 150 N and 250 N respectively.

Find, graphically, the magnitude and direction of the resultant force on the pole.

The resultant of a vector can be resolved into its vertical and horizontal components. From this right-angled triangle the vertical component is the 
perpendicular (a), the horizontal component is the base (b) and the resultant is the hypotenuse (c).

So a2 + b2 = c2 and cosθ = b/c where θ is the angle between the resultant and the base line.

5. Calculate the magnitude and direction of the resultant velocity given in its horizontal and vertical components of 60 ms-1 and80 ms-1
6. The resultant of two vectors is 40 N at an angle of 53.13° to the horizontal axis. 
Calculate the vertical and horizontal component of the resultant

In complex number format, if the length of the resultant is a and the base is 5i with the perpendicular 10j then a = 5i + 10j.  This is a 2D component form of the vector.

In the case of three vectors forming a triangle we have to change the lettering system because we are not dealing with a right-angled triangle.

If we have three vectors we can label them as AC = AB + BC and if for a particular system AB = 4i + 4j and BC = 2i + 4j then the resultant will be

AC = 4i + 4j + 2i + 4j = 6i + 8j
We can now use Pythagoras’ theorem

so 
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7. An aircraft travels on a bearing of 65° for 300km and then on a bearing of 220° for 150km.

Determine how far it is from its starting point and on what course.

8. The sides AB and AC of the triangle ABC are represented by the vectors b and c respectively.

The midpoints of the sides AB, AC and BC are, respectively, D, E and F.

Write down the vectors which represent: 

(i) BC, (ii) CB,  (iii) CD,  (iv) BE,  (v) AF,  (vi) DE,  (vii) EF,  (viii) FD.

9. The points A and B have position vectors a and b respectively relative to an origin O. 

Three points C, D, and E have position vectors 
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b,  a – 2b and 2a + b respectively.

Show, in one diagram, the positions of A, B, C, D and E.

10. The points X, Y and Z are the midpoints of the sides AB, BC and CA of a triangle.

Write down the position vectors x, y and z of X, Y and Z in terms of the position vectors a, b and c of A, B and C.

Express the position vectors a, b and c in terms of x, y and z.

Find, and write down, three vector equations which confirm that there are three pairs of parallel lines among the lines joining these six points.

11. The position of a particle P at time t is r = (3t – 1)i + t2j where r is measured in metres and time t in seconds. 

Determine the initial position vector and velocity of P and show that the acceleration is constant.

12. A particle has velocity vector v = (3t2 + 1)i – (4t + 2)j. Find the acceleration and position vectors if the particle starts from the origin.

13. A ball is hit from a point which is 2 m above horizontal ground. Initially the ball is moving with a velocity of 20 ms-1 at an angle of elevation of 50°. Assuming that the ball is a particle, calculate 



(a) 
the time taken for the ball to hit the ground, 

(b) 
the horizontal distance from the starting point of the ball to 


the point where it hits the ground.

The scalar product of two vectors produces a scalar result and not a vector. 

Consider the two vectors a and b starting from the same origin with an angle of θ between them.

The scalar product, is shown as a·b, and is defined as |a| |b| cosθ. 

Therefore  a·b = |a| |b| cosθ
14. Two vectors have an angle between them of 40°.  Calculate a·b if one vector has modulus of 12 and the other a modulus of 15.

a·b = |a| |b| cos θ = (12)(15) cos 40° = 137.9

We can use the scalar product to find the angle between two vectors.

15. Find the angle between vectors a = 3i + 4j + 6k and b = 2i − 3j + 4k
a·b = a1 b1 + a2 b2 + a3 b3  = (3 × 2) + (4 × –3) + (6 × 4) = 18

Modulus of a = 
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 = 7.81

Modulus of b = 
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 = 5.39

a·b  = |a| |b| cosθ   so  cosθ  = (a·b)/|a| |b|

                                               =  18/(7.81 x 5.39) = 0.43

so angle  θ  =  cos-1 θ = cos-1 0.43 = 64.5°

Vector equation of a line in 2D.
Consider a triangle ABO. A straight line goes from A to B. 

A vertical line goes from O to the straight line AB and is labelled C. 

The length of the vertical line is x.

The sides of the triangle are   OA = length a   and   OB = length b.

The line AC is parallel to the line AB. 
So AP = tAB (scalar)   and   x – a = t(b – a)
The vector equation of the line is x = a + t(b – a)

Vector equation of a line in 3D.
Reference should be made to software programmes including Autograph 3 and Cabri. 
Addition, subtraction and multiplication of 2 × 2 matrices

The unit matrix

Determinants of 2 × 2 matrices

16. Using matrices, calculate the values of x and y for the following simultaneous equations: 


2x − 2y − 3 = 0 


8y = 7x + 2 

The equations in the form ax + by = c are

2x − 2y = 3 

7x − 8y = −2 

State  the equations in matrix form. 
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Find the inverse of the 2 × 2 matrix and multiply both sides of the matrix equations by the inverse.
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So, x = 14 and y = 12.5 

(a) 
Sequence – a set of objects arranged in a definite order e.g. days in a week, the numbers 1, 5, 9 and 14.
(b) 
Series – adding a sequence together changes it to a series. The sequence 1, 5, 9 ,14 becomes a series when added, i.e. 1 + 5 + 9 + 14

(c) 
Arithmetic Progression – each new term is obtained from the preceding one by adding or subtracting some constant quantity e.g. 1, 5, 9, 16,… . The difference between each term and the preceding one is called the common difference. In this case it is 4. 

(d) 
Geometric Progression – each new term is obtained from the preceding one by multiplying or dividing by some constant quantity 


e.g. 2, 6, 18, 54 … The ratio between each term is called the common ratio. In this case it is 3.

An arithmetic progression is written:

    

a, a + d, a + 2d, a + 3d, . . .

where the first term is a and the common difference is d. 

From this the nth term of an arithmetic progression is given by: 

                     
a + (n − 1)d
The sum of the first n terms of an arithmetic progression becomes

                    
Sn =  (n/2)[(2a + (n − 1)d)]

The sum of the terms of an arithmetic progression is known as an arithmetic series.

17. For the arithmetic progression 4,  −1,  −6,  −11… determine the sum of the first 14 terms.
Given  a = 4 and n = 14

So Sn =  (n/2)[(2a + (n − 1)d)] = (14/2)[2 x 4 + (14 − 1) (− 5))] = −399 which is the sum of the first 14 terms.
18. The fourth term of an arithmetic progression is 18 and the tenth term is 60. 

Determine (a) the first term (b) the common difference (c) the sum of the fifth to the tenth terms inclusive. 

A geometric progression is written:

                     
a, ar, ar2, ar3, …
where the first term is a and the common ratio is r.

From this the nth term of a geometrical progression is given by ar(n – 1)

The sum of the first n terms of a geometrical progression now becomes

                         Sn = [a(1 − rn)]/(1 − r)

The sum of the terms of a geometric progression is known as a geometric series.

19. For geometric progression we have 8,  16,  32,  64,  128,  256,…
(a) 
Calculate the common ratio. 

(b) 
Calculate the value of the 7th term. 

(c) 
Which term has a value of 2048?


(a) 
Given  a = 8



From the second term ar = 16  so common ratio r = 2


(b)
Now nth term = 
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(c)
Using the value of 2048 we have 2048 = 8 × 
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So  2n – 1  = 2048/8 = 256



Therefore (n – 1) log 2 = log 256



(n – 1) 0.3010 = 2.4082



(n – 1) = 8



n = 8 + 1 = 9
20. A centre lathe is to use a geometric progression for seven cutting speeds beginning with 16 rev/min and extending to 120.5 rev/min. Calculate the common ratio and the five other speeds.
If the common ratio in a geometric series is less than 1 in modulus, 
i.e. −1 < r < 1, then the sum of an infinite number of terms can be found.
This is known as the sum to infinity of an infinite geometric progression (
[image: image143.wmf]S

¥

).


[image: image144.wmf]S

¥

 =  a/(1 − r) provided −1 < r < 1

21. The first term of a geometric sequence is 40 with a common ratio of 0.1. Write down the first four terms and calculate the sum to infinity.


To find the terms we multiply 40 by 0.1 and continue multiplying.


The terms are 40,  4,  0.4,  0.04,
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 =  a/(1 − r) where a = 40 and r = 0.1 
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 =  a/(1 − r)  =  40/(1 – 0.1) = 36

22. A geometric progression has a first term of 5 and 
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 = 25. 

Calculate the common ratio.

A binomial expression is the sum, or difference, of two terms. 

For example, a + 2 or  4a + 2b or a − b or 5a – 2b.

A binomial expansion is when an expression is given a power. 

For example (a + 2)2. 

With a low power the expansion is relatively easy, but with a higher power it becomes more complicated.

To overcome the problem of a high power we can use Pascal’s triangle. The triangle is formed by the addition of numbers as shown. The expansion of 
(a + b)n is completed by multiplying (a + b) by itself n times.

(a + b)0                                                  1

(a + b)1                                                1 1

(a + b)2                                               1 2 1

(a + b)3                                             1 3  3 1

(a + b)4                                           1 4  6  4 1

(a + b)5                                         1 5 10 10 5 1
23. Determine the expansion of (a + b)5
From Pascal’s triangle the coefficients are 1,  5,  10,  10,  5 and 1

So (a + b)5 = 1a5 + 5a4b + 10a3b2 + 10a2b3 + 5ab4 + 1b5
The powers of a decrease and the powers of b increase as shown.  

The use of Pascal’s triangle for expressions with a large power, e.g. (a + b)30 is not practical so we use the binomial theorem. 

As before, the theorem enables us to expand (a + b)n in increasing powers of b and decreasing powers of a. 

The theorem applies when n is a positive number and under certain conditions the theorem can be used when n is negative or fractional.

The binomial theorem states that when n is a positive whole number then

(a + b)n  = an + nan – 1 b + [n(n − 1)/2!] an – 2 b2  +  [n(n − 1)(n − 2)/3!] a n – 3b3 + [n(n − 1)(n − 2)(n − 3)/4!] an – 4 b4   +  …  + bn
Be aware this is a finite series, which means that it stops after a finite number of terms with the last term being bn.

24. Expand (1 + x)2.

In this case n = 2 

(1 + x)2  = 1 + 2x + [(2)(2 − 1)2!] x2  =  1 + 2x + x2
25. Use the binomial theorem to expand 

(a) (1 + x)3      (b) (1 + x)4        (c) (1 + 2x)4      (d) (1 − 3x)5.

Use the general binomial expression, but let a = 1 and b = x.

(a + b)n  = an + nan – 1 b + [n(n − 1)/2!] an – 2 b2 





             + [n(n − 1)(n − 2)/3!] an – 3 b3  + ……

So  (1 + x)n  = 1 + nx + [n(n − 1)/2!] x2  +  [n(n − 1)(n − 2)/3!] x3  +….
26. Find the value of  (1.004)10 correct to three decimal places

Rewrite (1.004)10 as (1 + 0.004)10 and substitute x as 0.004

(1.004)10 = (1 + 0.004)10 = 1+nx+[n(n − 1)/2!]x2+[n(n − 1)(n − 2)/3!]x3… 


 = 1 + (10)0.004 + [10(9)/(2)(1)]0.0042 + 


                                           [10(9)(8)/(3)(2)(1)]0.0043

 = 1 + 0.04 + 0.00072 + 0.00000768


 = 1.04072768


 = 1.041 correct to 3dp.

27. Find the value of 

(a) (0.97)8 correct to 4 decimal places 

(b) (3.016)4 correct to 6 significant figures

28. The moment of inertia of a body about an axis is given by I = cbd3 where c is a constant and b and d are dimensions of the body. Calculate the approximate percentage change in the moment of inertia when b is increased by 4% and d is reduced by 1% assuming that the products of small quantities are ignored.

An application of geometric series is the calculation of compound interest. Here the amount on which interest is paid includes the interest that has been earned in previous years.

For example, if £100 is invested at 5% per annum compound interest, then after 1 year the interest earned is £5 (100 × 0.05) and the capital invested for the second year is £105. 

The interest earned in the second year is then £5.25 (£105 × 0.05) and this capital amount is carried forward to year 3.

Beginning of year

1

2

3

4

5

Capital

100

105.25
110

115.7624

121.550625

Interest during the year

5

5.25

5.5125

5.788125

A table can be made up in algebraic form with ‘a’ representing capital and ‘i’ representing the rate of interest (in decimal form):
A value in year n is a(1+i )n-1.

So the sum of a geometric series is obtained by considering the series in its algebraic form.
a, ar, ar2, ar3, …., arn-1
The sum of the first n terms is:

Sn = a + ar + ar2 + ar3 +…+ arn-1
Multiplying both sides by r:

rSn = ar + ar2 + ar3 + ar4 + …+ arn
Since arn-1(r) = arn-1+1 = arn
Subtracting rSn from Sn gives:

Sn – rSn = a – arn
Hence: 

Sn = (a – arn)/(1 – r) = a(1 – rn)/(1 – r)
29. Plot a graph of 

(a) 
y = 3.5x + 4  

(b) 
y = −0.4x + 2

30. Solve graphically the inequality 2x + 3y ≤ 6

Consider linear programmes involving two variables by graphical means.

Terminology:

Critical region

Objective functioning

Binding constraints

Applications:

Machine utilisation

Mixtures

Production planning

The Diet Problem

Find the cheapest combination of foods that will satisfy all your nutritional requirements.

Portfolio Optimisation

Minimise the risk in your investment portfolio subject to achieving a certain return.

Crew scheduling

An airline has to assign crews to its flights so as to:

Make sure that each flight is covered

Meet regulations, e.g. each pilot can only fly a certain amount each day

Minimise costs, e.g. accommodation for crews staying overnight out of town, crews deadheading

Provide a robust schedule

Manufacturing and transportation

For example, an oil company has oil fields in Saudi Arabia and

Borneo, refineries in Japan and Australia, and customers in the

US and New Zealand.

The fields produce different qualities of oil, which is refined and combined into different grades of gasoline. 

What raw oil should be shipped to which refinery? 

How much of each type of gasoline should each refinery produce?

The definition of a complex number and its real and imaginary parts.

If a and b are real numbers then a complex number is written as a + jb where j is 
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The real part is the letter a and the imaginary part is letter b.
The letter j is sometimes written as i but this can be confusing when dealing with electrical quantities because of current i.

Argand diagrams – a complex number can be represented graphically. The real number is plotted on the x-axis and the imaginary number is plotted on the y-axis.

31. Plot the complex number 4 + j6

The graph will show a straight line beginning at (0, 0) and ending at (4, 6).

A complex number given as a + jb is also called a cartesian complex number.

Addition and subtraction of two complex numbers.

32. Given p = 6 + j4 and q  = 5 − j8 evaluate in a + jb form the following:  
(a) 
p + q  

(b) 
p – q.

(a) p + q = (6 + j4) + (5 − j8) = 11 − j4

(b) p − q = (6 + j4) − (5 − j8) = 1+ j12

The result from (a) and (b) can be plotted graphically. 

33. An RC circuit is connected to a 230 V 50 Hz supply. The impedance of the circuit is given by 40 − j60 ohms. 

Determine (a) resistance, (b) capacitive reactance, (c) capacitance, 

(d) impedance, (e) current, (f) power factor 

(a) Since Z = R − jXc, the resistance R = 40 ohms

(b) Since Z = R − jXc, the capacitive reactance Xc  = 60 ohms

(c) Capacitance C = 1/(2πfXc) = 1/(2π × 50 × 60)
=  5.305 × 10-5 farads = 53.05 microfarads  
(d) Modulus of impedance




 lZl =
[image: image149.wmf]2222
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= 72.11 ohms
(e) Current = V/Z = 230/72.11 = 3.19 amperes

(f) Power factor cosØ = R/Z = 40/72.11 = 0.555 leading by 
cos-1Ø = 56.29°

34. A rocket is given an initial velocity of u = (22 + j6) m/s. Calculate 

(a) 
the magnitude and direction of its velocity if velocity v = u − jgt, 

(b)
the distance and direction relative to the origin after 2 seconds if displacement s = ut − (jgt2/2).

The conjugate of a complex number is obtained by changing the sign of the imaginary part.

35. Change −3 + j4 to its conjugate

The conjugate of −3 + j4 is −3 − j4

This type of complex number can still be plotted on an Argand diagram but care must be take when dealing with both positive and negative axes involving y or x.

Multiplication and division of two complex numbers.
When two complex numbers are multiplied together we use j2 = −1.
36. Given a = 6 + j4 and b = 5 − j8 evaluate in a + jb form the following:    

      (a) ab, 
 (b) a ÷ b.

(a) 
ab = (6 + j4)(5 − j8) = 30 − j48 + j20 − j232 = 30 − 28j +32 = 62 − 28j

(b)  
a/b =  (6 + j4)/(5 – j8) = (6 + j4)/(5 − j8) × (5 + j8)/(5 + j8) 








  = −0.0225 + j0.764

Polar form is defined as writing a complex number in terms of polar coordinates (r, θ)and is written as z = r(cosθ + i sinθ ) 

From an argand diagram, consider a line on a graph with a positive slope which looks like the hypotenuse of a triangle. The length of the hypotenuse is r and angle θ is the angle between the hypotenuse and the x-axis. The modulus of the argand diagram is the length r. The angle θ is called the argument where θ = arctan (y/x).
37. Determine the modulus and argument of 3 + j4 and state the answer in polar form.
Modulus (r) =  
[image: image150.wmf]22

34

+

=  5

Argument (θ) = arctan 4/5 = 38.66°
Polar form of 3 + j4 is written as 5
[image: image151.wmf]Ð

38.66°


	OCR Level 3 Certificate in Mathematics for Engineering H860

	Suggested teaching time
	18 hours
	Topic
	Statistics and probability – assessment criteria 8.1, 8.2 and 8.3

	Topic outline
	Suggested teaching and homework activities 
	Suggested resources
	Points to note/ examples

	Statistics

Dispersion

Grouped data

Standard deviation

Random sample

Outcomes and events

Likelihood

Counting

Complementary event

Mutually exclusive events

Independent events


	Summarise a set of data using a variety of pictorial methods

Summarise a set of data with regard to average and dispersion using a variety of numerical methods

State the effect of grouping data with regard to measures of average and dispersion

Calculate the main measures of average of a set of grouped data

Calculate the main measures of dispersion in a set of grouped data

Understand what is meant by a random sample and how it might be taken

Test statistical hypotheses about the population mean

Give examples of outcomes and events from given simple experiments

Understand probability as a measure of likelihood

Obtain the probability of an event by counting outcomes

Obtain the probability of a complementary event

Find the combined probability of two mutually

exclusive events

Find the combined probability of independent

events

Find the probability of the union of two events

Use binomial and poisson distributions

Use the Normal, exponential and the binomial distribution functions to determine probabilities

Be familiar with and make use of the OCR Mathematics – List of Formulae and Statistical Tables Booklet MF1
	Mitzenmacher M et al (2005)

Probability and Computing

CUP

Jaynes ET (2003)

Probability Theory

CUP

Newton RR (1999)
Your Statistical Consultant:

Answers to Your Data 

Analysis Questions 

Sage

Kanji GP (2006)

100 Statistical questions

Sage
Phillip I. Good et al (2009) 

Common Errors in Statistics

(and How to Avoid Them) 

Wiley
Gelman A et al (2002) 

Teaching Statistics: A Bag of Tricks 

OUP

Scheaffer RL (2004) 

activity-based statistics Key College

Hacking I (2001)

An Introduction to Probability and

Inductive Logic

CUP
www.maths.qmul.ac.uk/~pjc/notes/prob.pdf
www.mathgoodies.com/lessons/vol6/intro_probability.html
www.stats.gla.ac.uk/steps/glossary/probability.html
www.bbc.co.uk/schools/gcsebitesize/maths/data/representingdata3hirev6.shtml
www.mathsrevision.net/alevel/pages.php?page=71
www.cimt.plymouth.ac.uk/projects/mepres/book9/bk9_16.pdf
www.gifted.uconn.edu/siegle/research/Normal/stdexcel.htm
http://phoenix.phys.clemson.edu/tutorials/excel/stats.html
www.beyondtechnology.com/tools_stdev.shtml
http://ccnmtl.columbia.edu/projects/qmss/samples_and_sampling/types_of_sampling.html
www.learnmarketing.net/sampling.htm
www.socialresearchmethods.net/tutorial/Mugo/tutorial.htm
http://stattrek.com/Lesson2/Binomial.aspx
www.ltcconline.net/greenl/java/Statistics/Binomial/Binomial.htm
www.stattucino.com/berrie/normal.html
www.mathsrevision.net/alevel/pages.php?page=72
http://stattrek.com/Lesson2/Poisson.aspx
www.stats.gla.ac.uk/steps/glossary/probability_distributions.html#poisdistn
www.answers.com/topic/poisson-distribution
www.stats.gla.ac.uk/steps/glossary/index.html

	Statistics is defined as the collection and analysis of data. Ungrouped data can be presented as a 

(a) 
pictogram which presents the information in the form of pictures

(b) 
horizontal bar chart which uses equally spaced horizontal rectangles

(c) 
vertical bar chart  which use equally spaced vertical rectangles 

(d) 
pie chart which is drawn in the form of a circle with different sectors of the circle representing different types of information

(e) 
box-and-whisker diagram uses data to show a measure of location - the median, and measures of spread - the quartiles and range

(f) 
stem and leaf diagram: the stem consists of the leading digits and the leaf consists of the remaining digits. The values of the stem are listed vertically in ascending order and the leaves added to the appropriate stem also in ascending order.

1. The table gives the number of motor vehicles produced in one year for different countries.

Country

USA

Spain

Germany

France

Italy

Japan

UK

Output

7000

1100

3500

2900

1500

7000

1000

Represent this information as (a) a pictogram, (b) a horizontal bar chart, 
(c) a vertical bar chart, (d) a pie chart.

A measure of dispersion is a numerical quantity that gives information on how spread the data is. The measures include

(a) 
range, which is the largest value minus the smallest value

(b) 
inter-quartile range, which is the upper quartile level minus the lower quartile level

(c) 
mean deviation, which is a measure of the deviation from the arithmetic mean

(d) 
variance, which is the square of the standard deviation

Grouped data is when raw data, a set of unprocessed facts and figures, is arranged into manageable groups. Graphs and frequency diagrams can then be drawn showing the class interval instead of the individual values.

The effect on averages and dispersion needs to be considered because slightly varying results could be obtained e.g. If you have 10000 numbers, you must carefully decide how to deal with them. Do you take intervals of 1000 which gives ten groups or is the data more accurate if you take intervals of 100 which gives one hundred groups. The sensible answer is probably somewhere in between.

Central tendency is a measure of a group of data which allows us to assess the position in which the group stands with respect to other groups of data.

Arithmetic mean – calculated by adding up all of the individual items of data and dividing by the number in the sample

Mode – most frequently occurring value in a sample

Median – the centre or middle item of a set of data

2.  Determine the mean, mode and median for the following data:

                         6, 5, 7, 11, 8, 10, 6

Mean = (6 + 5 + 7 + 11 + 8 + 10 + 6)/7 = 53/7 = 7.57 correct to 2 dp

By inspection of the data the mode is 6 being the value that occurs most frequently.

Data arranged in order gives 5,  6,  6,  7,  8,  10,  11  giving a median of 7 being the middle item.

Standard deviation is a measure of variability, dispersion or spread of data around the mean value of the data. In a normal distribution 68.2% of all of the data lies within one standard deviation of the mean.

Rules for finding the standard deviation of ungrouped data i.e. one of everything:

(a)
calculate the arithmetic mean

(b)
subtract the mean from the raw data scores

(c)
square this deviation from the mean

(d)
add the squared terms 

(e)
calculate the variance by dividing the result from (d) by the number in 
the sample

(f)
calculate the standard deviation by taking the square root of the 
variance

3. Calculate the standard deviation for a set of test scores:

              80%,  60%,  65%,  40%,  45%,  55%,  75% 

Arithmetic mean = (80 + 60 + 65 + 40 + 45 + 55 + 75)/7 = 420/7 = 60

Raw score

Mean
Deviation from mean
Deviation squared

80

60


20


400

60

60


0


0

65

60


5


25

40

60


−20


400

45

60


−15


225

55

60


−5


25

75

60


−15


225

Sum of deviation squared = 400 + 0 +25 + 400 + 225 + 25 + 225 = 1300

Variance = 1300/7 = 185.57 correct to 2 dp

Standard deviation = 
[image: image152.wmf]185.71

 = 13.63
To calculate the standard deviation for grouped data we have to take into account the frequency of an individual item.

Random is defined as without method or conscious choice with equal chance for each item.

A random sample could be taken from members of the general public so that any member of the public has a chance of being selected. After this, the sample could be determined from a random number generator. A well known number random selection generator is ERNIE the one used to select the Premium Bond numbers 

Consider types of sampling, inference of population statistics from sample statistics and simple hypothesis testing

Set up a statistical hypothesis

State an alternative hypothesis

Statistical decision

Acceptance region

One-tailed test

Reserving judgement

Two-tailed test

An event is defined as any collection of outcomes of an experiment.

Elementary or simple event – consists of a single outcome.
Compound events – consisting of more than one event.
Set theory is used to represent relationships among events. 

In general, if A and B are two events in the sample space S, then:
A, B, C, etc. are events

A
[image: image153.wmf]U

B is the union of the events A and B

A∩B is the intersection of the events A and B

P(A) is the probability of the event A

A′ is the complement of the event A

P(A|B) is the probability of the event A conditional on the event B

X, Y, R, … are random variables

x, y, r, … are the values of the random variables X, Y, R etc

x1, x2, … are observations

f1, f2, … are the frequencies with which the observations x1, x2, … occur

p(x) is the probability function P(X = x) of the discrete random variable X

p1, p2, … are the probabilities of the values x1, x2, … of the discrete random variable X

f(x), g(x), … are the values of the probability density functions of a   

                                                                    continuous random variable X

F(x), G(x) , … are the values of the (cumulative) distribution function 

                                               P(X ≤ x) of a continuous random variable X

E(X) is the expectation of the random variable X

E(g(X)) is the expectation of g(X)

Var(X) is the variance of the random variable X

G(t) is the probability generating function for a random variable which takes the values 0, 1, 2, …

The following is an abstract from a paper by David N. Rapp of Minneapolis giving an example of outcomes and events from an experiment:

Minimalist theories contend that readers encode inferences under a restricted set of circumstances.  Is the general activation of prior knowledge similarly constrained?  This study examined the degree to which immediate text can modify or discount the influence of prior knowledge during comprehension.  Participants read stories describing well-known historical events.  Some stories included suspense that called into question the inevitability of those events.  Results suggest that unfolding text descriptions influence readers’ encoding of outcomes despite the obvious utility of prior knowledge.
The dictionary definition of likelihood is probability, so likelihood and probability are dual concepts. From a distribution curve we can work out the probability of a point and given a set of data points we can work out the likelihood of a distribution.
Examples of probability and likelihood are:

(a) 
Probability
What is the probability of finding a steel pole between 6.5 and 7.5 m long in an engineering store?

(b) 
Likelihood
Given a data set we can ask “how likely are we to be able to produce a model from it?”

Finding the probability of an event by counting can be seen in the following example.

4.  A student is spinning a 2p coin and rolling a dice. Draw a sample space diagram to show all possible outcomes and write down the probability that the student gets a 5 from the dice and a head from the coin.

Sample space diagram

Dice 1

Dice 2

Dice 3

Dice 4

Dice 5

Dice 6

Coin Heads

H, 1

H, 2

H, 3

H, 4

H, 5

H, 6

Coin Tails

T, 1

T, 2

T, 3

T, 4

T, 5

T, 6

From the data, there are twelve possible outcomes and they are all equally likely.

By inspection of the table a head from the coin and a throw of 5 from the dice appears once.

The probability of getting a head from spinning a coin and a 5 from throwing a dice is 1/12.

The complement of an event is all possible outcomes except those that make up the event. This means that two events are described as complementary if they are the only two possible outcomes. 

Probability of the complement of an event = 1 – event probability

5. Consider carrying out a test to ascertain whether or not it will rain on a particular day. 
Only one of the two events can occur. Either “it rains" or "it does not rain".
Therefore, these two events are complementary.

6. A box contains 4 resistors with a tolerance of 5% and 5 resistors with a tolerance of 10%. 

Determine whether a 5% or a 10% tolerance resistor is picked from the box.


The probability of "5% tolerance" is P(5%) = 4/9. 

The probability of "10% tolerance” is P(10%) = 5/9. 

The events tolerance of 5% and tolerance of 10% are complementary.
Notice how P(5%) + P(10%) = 1

7. Consider a six sided dice. If you roll a 1,  2,  3,  4 or  5, this is the complement of rolling a 6.


Probability of the complement = 1 – 1/6 = 5/6 or 0.83  

If it is impossible for two events to occur together they are mutually exclusive. Formally, two events A and B are mutually exclusive if and only if
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= the empty set. 
If two events are mutually exclusive, they cannot be independent and vice versa.

8. In an experiment we roll a dice once 

1. The sample space S = (1, 2, 3, 4, 5, 6) 

2. Event A = will observe an odd number = (1, 3, 5) 

3. Event B = will observe an even number = (2, 4, 6) 

4. 
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, so A and B are mutually exclusive. 

9. A person cannot be both male and female, nor can they be aged 16 and 21. A person could however be both male and 16, or both female and 21. 

An event which has no influence over another event is called an independent event.
If A and B are independent, 
[image: image157.wmf]P(AB)=P(A).P(B)
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 and the addition rule reduces to 
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10.  Find the probability of drawing either a king or a diamond in a single draw from a pack of 52 playing cards. 

Event A = Draw a king

Event B = Draw a diamond

Since there are 4 kings in the pack and 13 diamonds, but one card is both a king and a diamond, we have: 


[image: image159.wmf]P(AB) = P(A) + P(B) - P(A).P(B)

U

= 4/52 + 13/52 − 1/52 = 16/52 

So the probability of drawing either a king or a diamond  is 16/52 = 4/13 or   0.31 :  1

The union of two sets A and B is the set that contains all of the numbers found in either A or B.

11. Find the union of the two sets of numbers A and B.

Set A = (1, 2, 6, 9, 11, 15, 16)

Set B = (1, 3, 6, 7, 8, 9, 11, 14)

Union of A and B = (1, 2, 3, 6, 7, 8, 9, 11, 14, 15, 16) 

12 . An experiment is being conducted that consists of the rolling of a six-sided dice. 

Find the union of events A and B if event A = (3, 4, 6) and event B = (2, 3, 5)

The sample space is (1, 2, 3, 4, 5, 6)

The union of A and B is (2, 3, 4, 5, 6)
In probability theory and statistics, the poisson distribution is a discrete probability distribution that expresses the probability of a number of events occurring in a fixed period of time if these events occur with a known average rate and independently of time since the last event.
(http://en.wikipedia.org/wiki/Poisson_distribution)
Consider:

Series and parallel connections

Defects in batches

Selection with or without replacement

Reliability




	OCR Level 3 Certificate in Mathematics for Engineering H860

	Suggested teaching time
	12 hours
	Topic
	Mathematical arguments and proofs – assessment criteria 9.1, 9.2 and 9.3

	Topic outline
	Suggested teaching and homework activities 
	Suggested resources
	Points to note/ examples

	Engineering arguments and proofs
	Use precise statements, logical deduction and inference

Manipulate mathematical expressions

Construct extended arguments to handle substantial problems

Explain and use proof by contradiction

Explain and use disproof by counter-example
	Antonetta J.M. van Gasteren (1990)
On the Shape of Mathematical 
Arguments 
Springer

Dove IJ (2008)

Towards a Theory of Mathematical Argument
On-line

http://ndp.jct.ac.il/tutorials/mavomath/node16.html
www.edc.org/mathscape/7th/mma_tips2005.pdf
http://en.wikipedia.org/wiki/Argument
http://gatton.uky.edu/faculty/sandford/590_f08/proofs.pdf
Bomat R (2005)

Proof and disproof in formal logic

OUP

http://zimmer.csufresno.edu/~larryc/proofs/proofs.contradict.html
http://nrich.maths.org/4717
http://delphiforfun.org/programs/Math_Topics/proof_by_contradiction.htm
www.personal.kent.edu/~rmuhamma/Philosophy/Logic/ProofTheory/DisproofByCounterexample.htm
http://people.uncw.edu/norris/133_sp04/proofs/proo.htm

	Construct and present clear and mathematical arguments

Use logical deductions

Give precise statements

Use correct symbols

In logic, proof by contradiction is a form of proof that establishes the truth or validity of a proposition by showing that the proposition being false would imply a contradiction. Since by the law of bivalence a proposition must be either true or false, and its falsity has been shown impossible, the proposition must be true.
(http://en.wikipedia.org/wiki/Proof_by_contradiction)
Often this can be quite simple. You may be able to find a counter-example very quickly, and this is enough to disprove a conjecture. However, if you are unable to spot a counter-example it does not mean that one does not exist.

1. It is suggested that for every prime number p, 2p + 1 is also prime. Prove that this is false.

For p = 2, 2p + 1 = 5 which is prime.

For p = 3, 2p + 1 = 7 which is prime.

For p = 5, 2p + 1 = 11 which is prime.

For p = 7, 2p + 1 = 15 which is not prime.

The statement is false.


	OCR Level 3 Certificate in Mathematics for Engineering H860

	Suggested teaching time
	18 hours
	Topic
	Engineering contexts into mathematics – assessment criteria 10.1

	Topic outline
	Suggested teaching and homework activities 
	Suggested resources
	Points to note/ examples

	Engineering contexts into mathematics
	Construct rigorous mathematical

arguments and proofs through use of precise statements, logical deduction and inference and by the manipulation of mathematical

expressions

Construct extended arguments for handling substantial problems

presented in unstructured form

Recall, select and

use their knowledge of

standard mathematical models to represent situations in the real world


	K. Weber, A. Brophy, and K. Lin (2008). How do Undergraduates Learn about Advanced Mathematical Concepts by Reading Text? In Proceedings of the 11th Conference for Research in Undergraduate Mathematics Education.

K. Weber (2009). Mathematics Majors' Evaluations of Mathematical Arguments and Their Conceptions of Proof. To Appear in Proceedings of the 12th Conference for Research in Undergraduate Mathematics Education.

K. Weber (2009). Proving is not Convincing. To Appear in Proceedings of the 12th Conference for Research in Undergraduate Mathematics Education.

www.ixl.com/math/standards/new-york/fourth
http://orderline.qcda.gov.uk/gempdf/1445904403/mat_pd.pdf
www.bsrlm.org.uk/IPs/ip30-1/BSRLM-IP-30-1-18.pdf
www.scribd.com/doc/27486466/1-Beam-Deflection
	Learn in an engineering context

Conceptualise
Logical deduction

Set up equations

Apply problem solving techniques

Translate mathematical results

Understand the language of mathematics vs. language of engineering 

Use modeling techniques

Understand logic discipline

Manipulate complex equations

Draw conclusions

Communicate findings


	OCR Level 3 Certificate in Mathematics for Engineering H860

	Suggested teaching time
	9 hours
	Topic
	Revision

	Topic outline
	Suggested teaching and homework activities 
	Suggested resources
	Points to note/ examples

	Revision
	Answer questions from specimen examination papers and past papers
	OCR  Unit H860 Level 3 Certificate in Mathematics for Engineering Component 1 and 2 Sample Paper and sample mark scheme

www.ocr.org.uk/qualifications/type/ogq/maths/eng_l3_cert/documents/index.html
AS/A Level Mathematics (3890/3892/7890/7892) Past Papers and Mark Schemes for January/June series 2007/2008/2009/2010

Datasheet – Examination Formulae & Statistical Tables

www.ocr.org.uk/qualifications/type/gce/maths/maths/documents/index.html
OCR Unit H865 Level 3 Mathematical techniques and applications – Principal Learning Past Papers and Mark Schemes for 2009/2010

www.ocr.org.uk/qualifications/type/ogq/maths/mtae_l3_cert/documents/

	


OCR Level 3 Certificate in Mathematics for Engineering H860
Trigonometry – Learning Outcome 3 

Assessment Criterion 3.2 – Relate trigonometrical expressions to situations involving oscillations.
OCR recognises that the teaching of this qualification will vary greatly from school to school and from teacher to teacher. With that in mind this lesson plan is offered as a possible approach, but will be subject to modifications by the individual teacher.

Lesson length is assumed to be one hour.
Learning Objectives for the Lesson
	Objective 1
	Learners can state and interpret the terms in the formula of an oscillation

y = a sin (ωt + Ø). 

	Objective 2
	Learners can solve problems of the type y = a  sin (ωt + Ø).

	Objective 3
	Learners can state and apply specific formulae for instantaneous current and instantaneous voltage. 


Recap of Previous Experience and Prior Knowledge
Learners have been introduced to the concept of trigonometry and are aware of:

· the construction and shape of a sine wave;

· basic trigonometric functions;

· electrical/electronic terms relating to sine waves.

Content

	Time
	Content

	15 minutes
	Introduction

Basic formulae:  v = V sin ωt  and  i = I sin ωt  

Verbal exposition and questioning

Worked example

1. The instantaneous value of an alternating current is given by i = 10sin 314.2 t.

Determine 
(a) peak value    
(b) frequency 



(c) periodic time 
(d) the current after 12 milliseconds 

Sketch a sine wave showing the position of the current calculated in part (d).

(a) From i = 10 sin 314.2 t the peak value is 10 A

(b) ωt = 2πft where f is the frequency and t is the time at any instant 

So 2πft = 314.2t
          f  = 314.2t/2πt

             = 50 Hz

(c) Periodic time = 1/t = 1/50 = 0.02 s

(d) t = 12 ms = 12 × 10-3 s

              i = 10 sin 314.2 t
                = 10 sin (314.2 × 12 × 10-3)

                = 10 sin 3.7704 (remember 3.7704 is in radians)

                =  –5.88 A

The negative sign indicates that the current shown on the sine wave is between

180°and 360° i.e. the negative half of the sine wave. 
Activity: solve problems of the type shown in example 1.



	30 minutes
	Introduction

Phase difference: when two alternating quantities have the same frequency but have peaks which occur at different times, they are said to have a phase difference.

Phase angle: from the general formula y = a sin ωt the appearance of an additional angle to ωt signifies a lagging or leading situation. 

Given y = a sin (ωt ± Ø), a “+” sign indicates a leading situation and a “–” sign indicates a lagging situation. 

Verbal exposition and questioning

Worked examples

2. State the phase relationship between the two quantities in each of the following pairs.

(a) v1 = 20 sin ωt;    v2 = 40 sin (ωt + π/2)

(b) v1 = 40 sin ωt;    v2 = 30 sin (ωt - π/4)

In case (a), v2 leads v1 by π/2 radians i.e. 90°
In case (b), v2 lags v1 by π/4 radians i.e. 45°
3. Calculate the instantaneous voltages v1 and v2 for a time of 4 milliseconds for the following and state the relationship between the two voltages.

v1  = 12 sin 314.2 t  and  v2 = 8 sin (314.2 t + π/3)

Hint: remember the angle is in radians

At time t = 4 ms = 0.004 s,

v1  =  12 sin 314.2 t = 12 sin (314.2 x 0.004) = 11.41 V

Again at time t = 0.004 s,  

v2  =  8 sin (314.2 t  +  π/3) = 8 sin ([314.2 x 0.004] + π/3) = 5.94 V

v2 leads v1 by π/3 radians i.e. 60°   

Activity: solve problems of the type shown in examples 2 and 3.


Consolidation

	Time
	Content

	5 minutes
	Quick fire questions about frequency, periodic time, peak values, instantaneous values, phase angles.

	5 minutes
	Class discussion (has learning taken place?)

	5 minutes Homework
	A voltage, given by v = 50 sin 314.2 t, is applied to a circuit which produces a current of i = 25 sin (314.2 t – π/2).

Determine: 

(a) the instantaneous values of voltage and current for a time of 3 ms; 

(b) the maximum and r.m.s. value of the current;

(c) the frequency of the supply;

(d) the phase angle of the current relative to the voltage.
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