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Section A (24 marks)

1 A car moves horizontally in a straight line with speed v at time t. The total resistance force on the car 
has magnitude kv where k is a positive constant. The car is powered by a rocket, which ejects burnt fuel 
backwards at a constant mass rate m and at a constant speed u relative to the car. The initial mass of the 
car and the fuel is M and at time t, when some fuel still remains to be burnt, the mass of the car and the 
remaining fuel is m.

 (i) Derive the differential equation m t
v u t
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 (ii) Given that the initial speed of the car is zero, show that 
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  and hence show that for small values of t the speed of the car is approximately M
utm . [9]

2 A particle of mass 3 kg moves along the x-axis by means of a driving force applied in the positive  
x-direction. There are no other forces acting on the particle. When the particle is x m from the origin O, 
its velocity is v m s −1. Initially v = 3 and the particle is at O. The magnitude of the driving force is F  N,

 where F v 1e . x0 1 2 3
1

-= ^ h  .

 (i) By solving a suitable equation of motion satisfied by the particle, show that F may be written as 

    F 3
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 (ii) By using the work-energy principle, and without further integration, show that 
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  stating the exact value of the constant k. [3]
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Section B (48 marks)

3 Fig. 3 shows a smooth wire in the form of a semi-circle with centre O and radius a. The wire is fixed 
in a vertical plane. The points C and D are at the ends of the wire at the same horizontal level as O. 
A small ring, P, of mass mm can move freely on the wire. One end of a light inextensible string of length 
2a is attached to P. The string passes over a small smooth fixed pulley at C; a particle of mass nm hangs 
freely from its other end, vertically below C. One end of a second light inextensible string of length 2a 
is attached to P. This string passes over a small smooth fixed pulley at D; a particle of mass nm hangs 
freely from its other end, vertically below D. The radius OP makes an angle 2i with the downward vertical, 

 where 4 41 1r
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r
-  , and m and n are positive constants.
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Fig. 3

 (i) Find the potential energy, V, of the system relative to the level of CD, and hence show that 

    sin sinV mga2 2 2d
d
i

m i n i= -^ h . [8]

 (ii) Show that there are three values of i for which the system is in equilibrium provided that 21 1m n m  .
 [5]

 (iii) Given that there are three positions of equilibrium, establish whether each of these positions is stable 
or unstable. [8]

 You are now given that 6n =  and 3 2m = .

 (iv) Investigate the stability of the single equilibrium position of the system. [3]
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4 A triangular lamina OAB of mass M  kg has OA = OB and AB = 2a m. OX = 3a m, where X is the mid-point 
of  AB. Fig. 4 shows this lamina in an x–y plane with origin O and OX horizontal. The mass per unit area  
 
t kg m−2 of the lamina is given by k

a
x1t = +
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 (i) Show that M = 9ka2. [5]

 (ii) Show, using integration, that the moment of inertia of the lamina about an axis through O perpendicular  
 
to the plane of the lamina is Ma45

238 2.   [You may assume the standard formula for the moment of inertia  
 
of a thin rod about an axis through its centre perpendicular to the rod.] [7]

 The lamina is free to rotate in a vertical plane about a fixed smooth horizontal axis through O perpendicular 
to the lamina. The lamina is released from rest with OX making an angle z with the downward vertical. At 
time t s after the lamina is released, OX makes an angle i with the downward vertical.

 (iii) Show that the angular velocity i̇ of the lamina when it has turned through an angle i satisfies

cos cosa g2i v i z= -o ^ h,

  stating the exact value of the constant v. [8]

 You are now given that a = 2.25 and that z is small.

 (iv) Show that the motion is approximately simple harmonic, and find the approximate time when the 
lamina first comes instantaneously to rest. [4]

END OF QUESTION PAPER


