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A Level Further Mathematics A

Exemplar Candidate Work

Introduction
These exemplar answers have been chosen from the
summer 2019 examination series.
OCR is open to a wide variety of approaches and all
answers are considered on their merits. These exemplars,
therefore, should not be seen as the only way to answer
questions but do illustrate how the mark scheme has
been applied.
Please always refer to the specification https://www.ocr.
org.uk/qualifications/as-and-a-level/further-mathematicsa-h235-h245-from-2017/ for full details of the assessment
for this qualification. These exemplar answers should
also be read in conjunction with the sample assessment
materials and the June 2019 Examiners’ report or Report
to Centres available from Interchange https://interchange.
ocr.org.uk/Home.mvc/Index
The question paper, mark scheme and any resource
booklet(s) will be available on the OCR website from
summer 2020. Until then, they are available on OCR
Interchange (school exams officers will have a login for
this and are able to set up teachers with specific logins –
see the following link for further information http://www.
ocr.org.uk/administration/support-and-tools/interchange/
managing-user-accounts/).
It is important to note that approaches to question
setting and marking will remain consistent. At the same
time OCR reviews all its qualifications annually and may
make small adjustments to improve the performance of
its assessments. We will let you know of any substantive
changes.
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Question 1 (a) (i)

Exemplar 1

2 marks

Examiner commentary
The command word ‘prove’ means that candidates need to provide a formal mathematical argument to demonstrate the
validity of the result.
The easiest way to demonstrate isomorphism is to set up a full correspondence between the vertex labels (A→R, B→Q, etc.).
Descriptions involving moving the graphs around should be supported with labelled diagrams. Written descriptions of the arcs,
and which vertices they connect, are usually more appropriate for showing that two graphs are not isomorphic.
Most of this candidate’s answer is a record of the vertex degrees, together with some rough working for part (c), however the
very last line states the isomorphism D→P, R→A, B→Q, S→C, E→T. Although the first of these is written as from G2 to G1 and
the other four from G1 to G2, this is enough to demonstrate an isomorphism between G1 and G2.
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Question 1 (a) (ii)
Exemplar 1

1 mark

Examiner commentary
The command word ‘verify’ means that the values need to be substituted into the formula. This, of course, required candidates
to know the statement of Euler’s formula and the values of V, E and R. The table was provided in the answer booklet to help
candidates to show how they knew these values.
This candidate has written down the formula, recorded the values of V, E and R (after some correction) and indicated where the
three regions are. However, the candidate needed to show that 5 + 3 = 6 + 2, and this is not seen.
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Question 1 (b) and (c)

Exemplar 1

1 (b) 2 marks, 1 (c) 1 mark

Examiner commentary
In part (b) this candidate has correctly identified the arcs AD, CD, CE and DE that need to be added to complete the graph K5
and has clearly used Kuratowski’s theorem to deduce that the resulting graph is non-planar. Although they have not stated that
they have used Kuratowski’s theorem, this answer gets both marks.
In part (c) the candidate realises that they need to produce K3,3 as a subgraph, but has suggested adding 5 arcs UQ, US, UR, PR
and TS. As well as not fitting the requirements given in the question, this would mean that U was connected to each of {Q, R, S}
but P was only connected to {Q, R}, so the resulting graph is not K3,3. The only way to achieve a non-planar graph with 6 vertices
(by only adding 4 arcs) was to form a graph that contained K3,3 as a subgraph. K3,3 has 6 vertices each with degree 3, so the
bipartite graph with sets {P, S, T} and {Q, R, U} can be formed by adding the arcs UP, US, UT and PR. This candidate was given a
method mark for using arc PR to attempt to form a graph with K3,3 as a subgraph.
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Question 2 (a) and (b)

Exemplar 1

2 (a) 2 marks, 2 (b) 0 marks

Examiner commentary
Most candidates were able to complete the two tables correctly. This candidate has correctly listed the immediate predecessors
in part (a) but in part (b) has given the earliest start time for F instead of the latest start time.
The command word ‘calculate’ indicates that working may be necessary to answer the question, but no justification needs to be
given for the results obtained.
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Question 2 (d) (i) and (ii)

Exemplar 1

2 (d) (i) 1 mark, 2 (d) (ii) 1 mark

Examiner commentary
In part (i) most candidates were able to calculate that there were 28 ways to choose 2 workers from 8, as this candidate has
done.
In part (ii), although 8 workers were available, the earlier stem still applies so only 5 workers are required, this meant that x
could be 1, 2 or 3. This candidate has calculated the number of ways of choosing 1, 2 and 3 workers from the remaining 6 but
has not totalled them get 41.
The command word ‘find’ indicates that working may be necessary to answer the question, but a correct numerical response
would achieve full marks. However, for a response carrying more than 1 mark, showing working may mean that method marks
can be achieved even if the final response is not correct. This candidate has been given a method mark for realising that x could
only take the values 1, 2 or 3. A special case was given for candidates who calculated the total including x = 4, 5 and 6 and
achieved a total of 63.
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Question 3 (a)

Exemplar 1

1 mark

Examiner commentary
This candidate has written each row of the tableau algebraically, with no slack variables, but has not written the problem
in the standard algebraic form, as given in specification item 7.06a: ‘Maximise (or minimise) objective subject to inequality
constraints, and trivial constraints of the form variable ≥ 0’.
The candidate has given the objective function but has not said that it needs to be maximised, they have then correctly
interpreted the other rows of the initial tableau as inequality constraints, but has omitted the trivial constraints,
x ≥ 0, y ≥ 0, z ≥ 0.
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Question 3 (b) and (c)

Exemplar 1

3 (b ) 1 mark, 3 (c ) 0 marks

Examiner commentary
Most candidates were able to carry out the iteration accurately. The pivot should have been chosen from the x column, as that
is the only column with a negative entry in the objective row. However, the candidate has shown that they know how to carry
out pivot operations, for which they were given a method mark. The reduction in the value of P, from 0 to -15, should have
alerted the candidate to realise that they had made a mistake.
Part (c) addressed specification item 7.07f: Be able to explain algebraically some of the calculations used in the simplex
algorithm. This is a new topic item that has not been examined before.
This candidate has given the formulae used to calculate the rows in the augmented tableau, but the explanation needed to
demonstrate the working of the simplex algorithm by algebraically substituting for x from the pivot equation into each of the
other equations.
From the pivot row of the tableau, 2x + 3y + 4z + t = 60 so x = 30 – 1.5y – 2z – 0.5t, which corresponds to row 2 of the augmented
tableau.
Replacing x in the objective equation gives P – 2(30 – 1.5y – 2z – 0.5t) + z = 0 which simplifies to P + 3y + 5z + t = 60, which
corresponds to row 1 of the augmented tableau. Similarly, for row 3: (30 – 1.5y – 2z – 0.5t) + y + z + s = 60, which simplifies to
–0.5y – z + s – 0.5t = 60.
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Question 4 (a), (b) and (c)

Exemplar 1

4 (a ) 0 marks, 4 (b ) 0 marks, 4 (c ) 1 mark

Examiner commentary
These three parts were done well, with most candidates giving concise and accurate answers.
Part (a) referred back to the stem and was about using a counter in a stopping condition to make sure that an algorithm is
finite. The reason given by this candidate does not relate to the properties of an algorithm.
Part (b) required candidates to know that, in general, sorting algorithms have quadratic order as a function of the length of
the list. This is given in the specification under item 7.03j. This candidate has stated O(n2) but does not know how to use this to
estimate the run-time for the scaled-up problem.
In part (c), the candidate has recognised that an algorithmic method is needed for a computer program, but for 2 marks they
also needed to recognise that practical problems are usually large, and an ad hoc method is not suitable for a large problem.
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Question 4 (d), (e) and (f)

Exemplar 1

4 (d ) 4 marks, 4 (e ) 0 marks, 4 (f ) 3 marks
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Examiner commentary
This candidate made a false start in part (d), but then (on the back page) carried out quick sort correctly. Quick sort is given in
the formulae booklet, the first value in any sublist will be used as the pivot, unless specified otherwise, and all values should be
shown after each pass.
In part (e), candidates were told that for an average case the efficiency of quick sort is O(n log n) and, as in part (b), should have
known that, in general, bubble sort and shuttle sort are O(n2). Using the hierarchy of orders, from the formulae booklet, to give
O(n log n) ⊂ O(n2) was enough to complete the explanation. This candidate has given the orders of the average cases but has
not referred to the hierarchy of orders, and what they have said is essentially just repeating the question.
In part (f ) the five numbers from part (d) needed to be used. There are several arrangements that give a worst case for quick
sort, all that is needed is that at each pass there is only one sublist so the first value in the sublist is always either the smallest or
the largest value that has not yet been used as a pivot. Both increasing order and decreasing order, as given by this candidate,
are suitable arrangements for the worst case. For bubble sort, as given in the formuale booklet, the worst case is when the
algorithm does not terminate early, this is when the original list is in decreasing order.
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Question 5 (a) and (b)

Exemplar 1

5 (a ) 0 marks, 5 (b ) 1 mark

Examiner commentary
All that was needed in part (a) was to observe that the matrix is symmetric (about the lead diagonal). This candidate has said
that there are no negative values and claimed that this would imply a direction.
In part (b), the command words ‘write down’ mean that no working or justification is required.
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Question 5 (c)

Exemplar 1

3 marks

Examiner commentary
Dijkstra’s algorithm is given in the formulae booklet, including when to record a temporary label. This candidate has completed
the table correctly apart from repeating the order of labelling 2 at D, and hence being out by 1 with all the subsequent order
of labelling values. The candidate lost one independent mark for this error. The space for rough working appears to show a
diagram of shortest routes from A, this was ignored.
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Question 5 (d), (e) (i) and (e) (ii)

Exemplar 1

5 (d ) 0 marks, 5 (e) (i ) 1 mark, 5 (e) (ii ) 1 mark
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Examiner commentary
The significance of the emboldened words ‘each side’ in part (d) of the question is that Emily needs to use each arc of the
network twice. Duplicating every arc means that every vertex will have an even degree and the graph will be Eulerian, so her
distance is double the given total length, with nothing else added. This candidate was one of the many who misunderstood
the question and assumed that they needed to try to pair odd vertices.
The command word ‘determine’, in part (e)(i), means that working must be shown to justify the calculated answer. This was
intended to be a standard application of the route inspection algorithm, a full response would have needed candidates to
show the weights between the odd vertices as three pairs with their totals (AE + FG = 180 + 350 = 530, AF + EG = 250 + 210 =
460, AG + EF = 280 + 140 = 420) and then choose to repeat ACHG and EF to give a route of length 420 + 1610 = 2030 metres.
A few candidates realised that the question had not stated that Stephen needed to return the van to the base vertex B. In this
case the shortest route has length 1880 metres, achieved by repeating BA = 130 (the shortest route from B to an odd vertex) to
form a semi-Eulerian graph, and then repeating EF = 140. This candidate has listed the six shortest links between odd vertices
and has realised that the route need not end at B, but has repeated AE and EF, which results in a semi-Eulerian graph with E and
G odd, and with B even.
The difference between part (e)(ii) and part (e)(i) is that Stephen can now start and finish at any vertices. This candidate has
identified the least weight route between two odd vertices as EF = 140 and that repeating this gives a length of 140 + 1610 =
1750 metres, but has claimed that route has E and F as its endpoints, instead of A and G.
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Question 6 (a) and (b)

Exemplar 1

6 (a ) 1 mark, 6 (b ) 2 marks

Examiner commentary
Nash equilibrium is a new topic, although it has been covered in the practice papers and delivery guides available on the OCR
website. For cell (A, X) to be a Nash equilibrium solution, x must be the largest value for Sumi (rows) in column A and 1 must be
the largest value for Vlad (columns) in row X.
In part (b), some candidates thought that a Nash equilibrium solution is the same as a play-safe solution, but games that are
not zero-sum may have multiple Nash equilibrium solutions. Here, if Sumi (rows) knows that Vlad (columns) will play X then
Sumi’s highest pay-off is achieved by playing row A, since max(x, 3) = x. Similarly, if Vlad knows that Sumi will play A then Vlad’s
highest pay-off is achieved by playing column X, since max (1, -2, 0) = 1. This candidate has not given any numerical evidence
but was given both marks for explaining the equilibrium for both players.
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Question 6 (c)
Exemplar 1

0 marks

Examiner commentary
For a game that is not zero-sum, the pay-offs for each player are shown in each cell, with the first value giving the pay-off for
the player on rows and the second value giving the pay-off for the player on columns.
The row minima for Sumi should be min{x, 4, 2} = 2 and min{3, 6, -1} = -1 giving a maximin pay-off for Sumi of max{2, -1} = 2 by
choosing strategy A. Similarly the column minima for Vlad should be min{1, -1} = -1, min{-2, -4} = -4 and min{0, 3} = 0, giving
a maximin pay-off for Vlad of max{-1, -4, 0} = 0 by choosing Z. Cell (A, Z) gives the maximin pay-off for each player, being 2 for
Sumi and 0 for Vlad.
This player has calculated the column minima for columns X and Y, but the maximum for Z. They have also calculated the
minimum pay-off in each column for the player on rows, although this is not needed. They have then stated that the maximin
pay-offs are 3 for Vlad and 4 for rows. Neither of these are correct, in fact if x < 4 these are minimax pay-offs. The question asked
for the cell where each player achieved their maximin pay-off, but the candidate has not identified a cell.
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Question 6 (d)

Exemplar 1

6 marks
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Examiner commentary
When x = 1, the total pay-off for each cell is 2. The game can be made zero-sum by having each player pay 1 (half the cell total)
each time they play. This gives the pay-off matrix that this candidate has found. By calculating the row maximin (= 0) and the
column minimax (= 1) it could have been seen that the game was unstable, so a mixed strategy was needed. The candidate has
calculated the mixed strategy correctly, explaining their reasoning and interpreting the solution in context.

Question 7 (a) and (b)

Exemplar 1

7 (a ) 2 marks, 7 (b) 1 mark

Examiner commentary
Although some candidates through that the variables represented the amount of pastry used, most realised that the variables
represented the number of pies of the different sizes. A few candidates assumed, as this candidate had initially, that x was
the number of small pies made but most recognised that, since fewer large pies can be made, the variable representing the
number of large pies must have the largest coefficient, or that dividing 1260 by the coefficients gave the number of pies made.
In part (b), the coefficients needed to be in the ratio 1/5 : 1/12 : 1/18 and multiplying by 180 (or a positive integer multiple
of 180) gives suitable values for a, b, c and d. The candidate has a, b and c in the correct ratios, but would need to have 1080
instead of 12960 for d.
21
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Question 7 (c)

Exemplar 1

2 marks

Examiner commentary
Candidates used various approaches to show that z = 9 does not give a feasible solution. There is clearly enough pastry to make
9 small pies and a total of 9 medium and large pies, provided not too many large pies are made. The problem arises with the
filling constraint. Candidates used various approaches to simplify the filling constraint. This candidate has substituted for s in
the inequalities and shown that y must be larger than 9, which is inconsistent.
Some candidates substituted for one variable to get (correct) inequalities in the other two variables for the pastry constraint
and the filling constraint but then treated these simultaneous inequalities as if they were simultaneous equations and
subtracted them. It is not valid to subtract inequalities.
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Question 7 (d)

Exemplar 1

4 marks
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Examiner commentary
This was an unstructured problem-solving task that could be approached in several ways. This candidate has shown that x <
3.91, and since x is integer-valued it has a maximum value of 3. They have also shown that, when x = 3, y must be 0 or 1 but
they have not verified that there are feasible solutions for z by putting either x = 3, y = 0, z = 3 or x = 3, y = 1, z = 4 through the
constraints.
Some candidates stated that the best case is when no medium pies are made, so y = 0 and x = z, this led to the maximum value
of x as 3, and again candidates then needed to verify that a feasible solution does exist.
A few of the candidates tried to set the problem up as a simplex tableau in which the objective was to maximise P = x. This
method was usually only partially successful because of the equality constraint x + y = z. The equality constraint would have
needed to be written as two inequalities: x + y – z + slack = 0 and -x – y + z + slack = 0 to get an optimum point
x = 3.91, y = 0, z = 3.91, candidates would then have needed to verify that x = 3, y = 0, z = 3 is feasible.
Some candidates presented their solutions using branch-and-bound, which is appropriate since this is an integer
programming problem, but the working to deal with the branches was then as one of the methods described above.
Finally, some candidates started with x = 5 (since there is only enough filling for 5 large pies) and showed that this is impossible,
then did the same for x = 4 and finally showed that there is a feasible solution with x = 3. However, this approach was the least
successful because candidates usually just gave a lot of number work with no evidence of what they were doing.
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