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Pure Mathematics
Binomial series
(a+b)"=a"+"C,d" 'b+"Cd" ?b*+...+"C d" b +...+b"  (neN),

where "C = C = [n] n!

rl = r'(n—r)!

Matrix transformations

0 -0_-1]

Reflection in the line y =+x: [ 10

cos® —sinb
sin@ cos6

Anticlockwise rotation through 6 about O [

Rotations through 6 about the coordinate axes. The direction of positive rotation is taken to be anticlockwise
when looking towards the origin from the positive side of the axis of rotation.

1 0 0
R_=| 0 cos6 —sinf
0 sin® cos6 |

[ cos® 0 sin6 |
R = 0 1 0
| —sin® 0 cos6 |

[ cos® —sin6 0 |
R =| sin6 cos® O
o 0 1]

Differentiation from first principles

o) = hhinof(x + h})l —f(x)

Complex numbers
Circles: |z—a| =k
Half lines: arg(z—a) = o

Lines: |z—a| = |z— b

© OCR 2018 Further Mathematics A



Vectors and 3-D coordinate geometry

Cartesian equation of the line through the point 4 with position vector a = a,i+a,j+a;k in direction

 X—a, y—a, z—a

u=u1i+u2j+u3k 1S - 2 3(
uy u, Uy
a, b, i a b

Vector product: axb =|a, [x|b, [=|] a, b,
a b k a, b

Statistics

Standard deviation

=)
a2b3—a3b
=|ayb,—a,b,
a,b,—a,b

N e N N D e N T
n - n —%" or T: Wi -x°

Discrete distributions

Xis a random variable taking values x; in a discrete distribution with P(X = x)) = p,

Expectation: 4 = E(X) = le.pi

Variance: 02 = Var(X) = Z(xi —,u)zpi = fopi —,u2

P(X=x) EX) Var (X)
Binomial B(n, p) [Z]px(l -p)" np np(1—p)
Uniform distribution over 1, 2, ..., n  U(n) % L ; 1 %(nz —-1)
C e o x—1 1 1—p
Geometric distribution Geo(p) (I-p" 'p » 5
P
Poisson Po(A) e ? % A A
Non-parametric tests
. i —E) ’ 2
Goodness-of-fit test and contingency tables: z i ~X
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Correlation and regression

For a sample of n pairs of observations (x;, y,)

(an,.) B T

Zzy

@

=20 =%) = 2
L= 20—, = 2y

2NV~

2 Zy

Product moment correlation coefficient: » =

\/IZZ ZZ

S 2&=D),~)

The regression coefficient of y on x is b = —

Se D, —x)

Least squares regression line of y on x is y = a+ bx where a =y —bx

6> .d’

n(n®—1)

Spearman’s rank correlation coefficient: r = 1—
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6

Critical values for the xz distribution

If Xhas a y* distribution with v degrees of freedom
then, for each pair of values of p and v, the table gives
the value of x such that p
PX<x)=p.
0] X
p 0.01 0.025 0.05 0.90 0.95 0.975 0.99 0.995 0.999
v=1 ]0.031571 0.0%9821 0.0%3932 2.706 3.841 5.024 6.635 7.879 10.83
2 1 0.02010 0.05064 0.1026 4.605 5.991 7.378 9.210 10.60 13.82
31 0.1148 0.2158  0.3518 6.251 7.815 9.348 11.34 12.84 16.27
4 1 02971 0.4844 0.7107 7.779 9.488 11.14 13.28 14.86 18.47
51 0.5543  0.8312 1.145 9.236 11.07 12.83 15.09 16.75 20.51
6 | 0.8721 1.237 1.635 10.64 12.59 14.45 16.81 18.55 22.46
7 1.239 1.690 2.167 12.02 14.07 16.01 18.48 20.28 24.32
8 1.647 2.180 2.733 13.36 15.51 17.53 20.09 21.95 26.12
9 2.088 2.700 3.325 14.68 16.92 19.02 21.67 23.59 27.88
10 2.558 3.247 3.940 15.99 18.31 20.48 23.21 25.19 29.59
11 3.053 3.816 4.575 17.28 19.68 21.92 24.73 26.76 31.26
12 3.571 4.404 5.226 18.55 21.03 23.34 26.22 28.30 3291
13 4.107 5.009 5.892 19.81 22.36 24.74 27.69 29.82 34.53
14 4.660 5.629 6.571 21.06 23.68 26.12 29.14 31.32 36.12
15 5.229 6.262 7.261 22.31 25.00 27.49 30.58 32.80 37.70

16 5.812 6.908 7.962 23.54 26.30 28.85 32.00 34.27 39.25
17 6.408 7.564 8.672 24.77 27.59 30.19 3341 35.72 40.79
18 7.015 8.231 9.390 25.99 28.87 31.53 34.81 37.16 42.31
19 7.633 8.907 10.12 27.20 30.14 32.85 36.19 38.58 43.82

20 8.260 9.591 10.85 28.41 3141 34.17 37.57 40.00 45.31
21 8.897 10.28 11.59 29.62 32.67 35.48 38.93 41.40 46.80
22 9.542 10.98 12.34 30.81 33.92 36.78 40.29 42.80 48.27
23 10.20 11.69 13.09 32.01 35.17 38.08 41.64 44.18 49.73
24 10.86 12.40 13.85 33.20 36.42 39.36 42.98 45.56 51.18

25 11.52 13.12 14.61 34.38 37.65 40.65 4431 46.93 52.62
30 14.95 16.79 18.49 40.26 43.77 46.98 50.89 53.67 59.70
40 22.16 24.43 26.51 51.81 55.76 59.34 63.69 66.77 73.40

50 29.71 32.36 34.76 63.17 67.50 71.42 76.15 79.49 86.66
60 37.48 40.48 43.19 74.40 79.08 83.30 88.38 91.95 99.61

70 45.44 48.76 51.74 85.53 90.53 95.02 100.4 104.2 112.3
80 53.54 57.15 60.39 96.58 101.9 106.6 112.3 116.3 124.8
90 61.75 65.65 69.13 107.6 113.1 118.1 124.1 128.3 137.2
100 70.06 74.22 77.93 118.5 124.3 129.6 135.8 140.2 149.4
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Mechanics

Kinematics

v=u+at

s =ut+ %at2

s = %(u +v)¢

v:=u?+2as

s =vt— %al‘2

Newton’s experimental law

Between two smooth spheres v, —v, =—e(u, —u,)
Between a smooth sphere with a fixed plane surface v =—eu
Motion in a circle

Tangential velocity is v = 70

Radial acceleration is v72 or r6* towards the centre
Tangential acceleration is v = 70

Discrete Mathematics

Sorting algorithms

Bubble sort:

Start at the left hand end of the list unless specified otherwise.

Compare the first and second values and swap if necessary. Then compare the (new) second value with the
third value and swap if necessary. Continue in this way until all values have been considered.

Fix the last value then repeat with the reduced list until either there is a pass in which no swaps occur or the
list is reduced to length 1, then stop.

Shuttle sort:

Start at the left hand end of the list unless specified otherwise.

Compare the second value with the first and swap if necessary, this completes the first pass. Next compare
the third value with the second and swap if necessary, if a swap happened shuttle back to compare the (new)
second with the first as in the first pass, this completes the second pass.

Next compare the fourth value with the third and swap if necessary, if a swap happened shuttle back to
compare the (new) third value with the second as in the second pass (so if a swap happens shuttle back
again). Continue in this way for n — 1 passes, where 7 is the length of the list.
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Network algorithms
Dijkstra’s algorithm

START with a graph G. At each vertex draw a box, the lower area for temporary labels, the upper left hand
area for the order of becoming permanent and the upper right hand area for the permanent label.

STEP 1 Make the given start vertex permanent by giving it permanent label 0 and order label 1.

STEP 2 For each vertex that is not permanent and is connected by an arc to the vertex that has just been
made permanent (with permanent label = P), add the arc weight to P. If this is smaller than the
best temporary label at the vertex, write this value as the new best temporary label.

STEP 3 Choose the vertex that is not yet permanent which has the smallest best temporary label. If there
is more than one such vertex, choose any one of them. Make this vertex permanent and assign it

the next order label.

STEP 4 If every vertex is now permanent, or if the target vertex is permanent, use ‘trace back’ to find the
routes or route, then STOP; otherwise return to STEP 2.

Prim’s algorithm (graphical version)
START with an arbitrary vertex of G.

STEP 1 Add an edge of minimum weight joining a vertex already included to a vertex not already
included.

STEP 2 If a spanning tree is obtained STOP; otherwise return to STEP 1.

Prim’s algorithm (tabular version)
START with a table (or matrix) of weights for a connected weighted graph.
STEP 1 Cross through the entries in an arbitrary row, and mark the corresponding column.
STEP 2 Choose a minimum entry from the uncircled entries in the marked column(s).
STEP 3 If no such entry exists STOP; otherwise go to STEP 4.
STEP 4 Circle the weight Wy found in STEP 2; mark column #; cross through row i.
STEP 5 Return to STEP 2.

Kruskal’s algorithm
START with all the vertices of G, but no edges; list the edges in increasing order of weight.
STEP 1 Add an edge of G of minimum weight in such a way that no cycles are created.

STEP 2 If a spanning tree is obtained STOP; otherwise return to STEP 1.

Additional Pure Mathematics

Vector product

axb =|alb|sin6n , where a, b, fi, in that order, form a right-handed triple.
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