S O T ¥ € =

=

S

t

ISy

=

>

(I3IN) g sonewsayjey Jaylnd [9Aa7 Y pue Sy

OCR

Oxford Cambridge and RSA

AS Level Further Mathematics B (MEI) (H635)
A Level Further Mathematics B (MEI) (H645)

Formulae Booklet

INSTRUCTIONS
+ Do not send this Booklet for marking. Keep it in the centre or recycle it.

INFORMATION
* This document has 16 pages.

© OCR 2020 [603/1364/X]
DC (ST) 203569 Further Mathematics B (MEI) CST323



Contents

A level Mathematics

Core Pure

Mechanics

Further Pure with Technology
Extra Pure

Numerical Methods

Statistics

Statistical tables

A level Mathematics

Arithmetic series

S =3n(a+1) =yn{2a+(n—1)d}

Geometric series
a(l—r"
g —ald=r)

n 1—r

S zlifor|r|<1
—r

oo

Binomial series

(a+b)"=d"+"C,a" 'b+"C,a"*b* +...

_ _|"___ n!
where "C = nCr_[r]_ =7

+1C a4+ +b" (neN),

-1 -1...(n—r+1

(1+x)”:1+nx+n(n2, )x2+...+n(n ) r‘(n - )xr-i-... (x| < 1,neR)
Differentiation

f(x) f'(x)

tan kx ksec?kx

secx secxtanx

cotx —coseczx

cosecx —cosecxcotx

du dv

u dy _ Vidx  Ydx

Quotient Rule y = > dr 2
Differentiation from first principles

f(x+h) — £(x)

= fim
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Integration

e
%dx = In|f(x)|+¢

’ n 1 n
[feF) dr = — ()™ +c
Integration by parts f u% dx =wuv— f\/% dx

Small Angle Approximations

. 1 A2 . . .
sin@ = 6, cos® =~ 1 — 56", tan6 ~ 6 where 6 is measured in radians

Trigonometric identities
sin(4+ B) = sindcos B+ cosAsinB

cos(A*B) =cosAcosBFsindsinB

tan4 +tan B

tan{4 + B) = 1 ¥tanA4tanB

(A£B# (k+3)m)

Numerical methods

Trapezium rule: fbydx = %h {0 +y,)+20,+y,+...+y _ )}, where h = b=a

L : f(x,)
The Newton-Raphson iteration for solving f(x) =0:x =x — v (x”)
Probability
P(AUB) =P(4)+P(B)—P(4ANB)

P(ANB
P(ANB)=P(4)P(B|A)=PB)P(4|B) or P(4|B)= (PTG)
Sample Variance
>x )

$=—1-5 where S, =¥(x,~x)’ = Zx} - % = Y2

Standard deviation, s = v variance
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The Binomial Distribution

If X~ B(n, p) then P(X=7r)="C p'q"" where g = 1 —p
Mean of Xis np

Hypothesis test for the mean of a Normal distribution

2 _
If X ~ N(1 62 then X~ N|z. 2| and =—2 ~ N(0,1
(1, 07) then [,U n]an o ivn 0,1)

Percentage points of the normal distribution

P 10 5 2 1
z 1.645 1.960 2.326 2.576 %p% %p%
Yz
Kinematics
Motion in a straight line Motion in two and three dimensions
v=u+tat v=u+tat
s =ut+yat’ s =ur+ar’
s=%(u+v)t s=%(u+v)t
v:=u®+2as -
s=vt—zat’ s=vt—1at’
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Core Pure
Complex Numbers

De Moivre’s theorem:
{r(cos0+isin0)}" = r"(cos n +isin nd)

Roots of unity:

The roots of z" = 1 are given by z = exp[ﬁi] for k=0,1,2,...,.n—1
n

Vectors and 3-D geometry

Cartesian equation of a plane is
nx+ny+nz+d=0

Cartesian equation of a line in 3-D is
x—a

d

y—a, z—a

T4, T4,

1 3

1

a,by—asb,
Vector product axb =|a,b, —a, b,

a,b,—a,b,

a,b,—a;b, i a b
axb=la,b, —a b,|=|j a, b,| = |a[[b|sin6 i where a, b, #i, in that order, form a right-handed triple.
a,b,—a,b,| |k ay b,
. . |dyxd, : . . :
Distance between skew lines is ﬁ (a, —a,)| where a, is the position vector of a point on the first line and
d xd
1%

d, is parallel to the first line, similarly for the second line.
‘axl +by, + c|

Va®+b?

Distance between point (x,, y,, z;) and plane n x+n,y+n,z+d =0 is

Distance between point (x,, y,) and line ax+by+c =0 is

‘nlx1 +n,y, +n,z, +d‘

[ 2 2 2
n, +n2 +n3

Hyperbolic functions

cosh’x—sinh’x = 1

arsinhx = In[x+/ (x> + 1)]
arcoshx = In[x+y (x> = 1)], x >1

artanhx = %ln

1+x
—-X

,— 1< x<1
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Calculus
f(x) f'(x)
arcsinx 1
1—x°
arccosx | 1
1—x*
arctanx 1
1 +x2
f(x) f £(x) dx
I x
>—— | arcsin|=| (x| < a)
a —X a
1 1 X
a2 + x> Earctan ;]
1
> 2 arsinh[£ or In(x+Vx*+a%)
a +x a
1
2 :alrcosh[i orln(x+Vx*—a*) (x> a)
- a

b
The mean value of f(x) on the interval [a,b] is B 1 aJ- f(x)dx

Area of sector enclosed by polar curve is % f r*do

Series

21 31 2 2
Zr —6n(n+1)(2n+1) r;r =" (n+1)

r=1

£7(0 £f0
f(x)=f(0)+f'(0)x+#x2+...+r—,()xr+...
x* x"
ex:exp(x)zl+x+j+...+7+...forallx
XX x
ln(1+x)=x—7+?—...+(—1)V+1—+...(—1<x§1)
r
3.5 2r+1
S I r_Xo
sinx = x 3!+5' +(=1) (2r+1)!+...forallx
2 4 XY
cosx =1 2!+4—! +(—=1) (2r)!+"' for all x
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Mechanics
Motion in a circle
For motion in a circle,
tangential velocity is v = 70
V2 22
radial acceleration is - or r0° towards the centre

tangential acceleration is 70

Further Pure with Technology

Numerical solution of differential equations
dy

For i f(x, y):

Euler’s method: x  , =x, +h y ., =y, +hi(x,.y,)

Modified Euler method (A Runge-Kutta method of order 2):
k,=ht(x,y)
ky=ht(x,+h,y, +k)

1
xn+1 =xn+h’ yn+l :yn+§(kl +k2)

Runge-Kutta method of order 4:
k=, »,)

k= b+ 0y 45
2 n 2’yn 2

. h k,
ky = hf(x, +§, y,+ 7)

k,=ht(x,+h,y, +k;)

1
Vo =¥, + ey + 2k, 2k, + k)

Gradient of tangent to a polar curve

dr .

~ d_y_ d9s1n6+rcose

For a curve r—f(@),d =4
* d—gcose—rsine
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Extra Pure

Multivariable calculus

Vg=grad g =|-2|. If g(x, y, z) can be written as z = f(x, y) then grad g =
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Numerical methods

Solution of equations

f(x,)
f'(x,)
= 0=Dx, +Ag(x).

The Newton-Raphson iteration for solving f(x) =0: x,,, =x, —

For the iteration x ., = g(x ) the relaxed iteration is x
n+1 n n

+ +

Numerical integration
b
To estimate f f(x)dx:

The midpoint rule:

M, =h(yi+ys+ .4y, 34y, 1) where h = 2=

The trapezium rule:

1 b
T,=5h{y+y,)+20 +y, + .y, )} whereh=

Simpson’s rule

1
S, = §h (g Tyy) T4 Tyt oty ) T2, Fy + oy, o))

_b—a
where /1 = o
These are related as follows:
1
T, = E(Mn +T)
1 1
S,, = §(2Mn +7T)= §(4T2}7 -T)
Interpolation
Newton’s forward difference interpolation formula:
(x—x,) (x=xy)(x—x)) 5
f(x) = f(x,) + A Af(x,) +TA fxy) +...
Lagrange’s polynomial:
noXTX,
P (x)=> L (x)f(x) where L (x)= HO *x
it
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10
Statistics
Discrete distributions
X'is a random variable taking values x; in a discrete distribution with P(X = x,) = p,
Expectation: 4 = E(X) = inpi

Variance: 0% = Var(X) = Z(xi —,u)zpi = inzpi —u?

Probability E(X) Var(X)
Uniform distribution over 1, 2, ..., n P(X=r)= 1 n+1 1 (n ~1
2 12
Geometric distribution PX=r=q"'p 1 l—p
»?
q=1-p

Poisson distribution A"

P (X = l") = 7

Correlation and regression

For a sample of n pairs of observations (x,, y,)

E)

inzyi
ny _ zx Zy

e 2 ]

Zx Z;v
least squares regression line of y on x is y—y = b(x—X) where b = 5 =

Sxxzzxiz_ _Z ’ <—y) xy:inyi_

product moment correlation coefficient: » =

inz -

Sxy Zx Y~

2520 Zy-
least squares regression line of x on y is x—x = b'(y—y) where b’ = 5 =
)
Z 2_
Spearman’s coefficient of rank correlation:

62d}

=1-
N n(n®—1)
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Confidence intervals

11

To calculate a confidence interval for a mean or difference in mean in different circumstances, use the given

distribution to calculate the critical value, £.

To estimate... Confidence interval Distribution
a mean w4 ;O N(, 1)
N
a mean — .S
Xthk——= l,
\/E n—1
difference in mean of paired populations | treat differences as a single distribution
Hypothesis tests
Description Test statistic Distribution
Pearson’s product moment correlation test Sxy
}/' =
L )
_ PR o
D) >y
[[zxz _ ( xi) ][Zyz _ ( y,->
i n i n
Spearman’s rank correlation test 62 d?
r=1-—-
N n(nz _ 1)
2 2
X~ test (/, 1) 2
Z ' fe X,
Normal test for a mean Y— U
7 N(0, 1)
n
t-test for a mean X— U
% t}’l—l
Vn
Wilcoxon single sample test A statistic T'is calculated from the ranked data

Continuous distributions

X is a continuous random variable with probability density function (pdf) f(x)

Expectation: 4 = E(X) = fo (x)dx

Variance: 62 = Var(X) = f (x— ) () dx = f 0 dx— 12

Cumulative distribution function F(x) = P(X <x) = J-_x f(#)de

ECY) | Var(X)
Continuous uniform distribution over [a,b] | a+b | 1 b—a)?
2 1279
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Percentage points of the xz (chi-squared) distribution

% p%
- B
p% 99 97.5 95 90 10 5 2.5 1 0.5

v=1 .0001 .0010 .0039 0158 2.706 3.841 5.024 6.635 7.879
2 .0201 .0506 0.103 0.211 4.605 5.991 7.378 9.210 10.60
3 0.115 0.216 0.352 0.584 6.251 7.815 9.348 11.34 12.84
4 0.297 0.484 0.711 1.064 7.779 9.488 11.14 13.28 14.86
5 0.554 0.831 1.145 1.610 9.236 11.07 12.83 15.09 16.75
6 0.872 1.237 1.635 2.204 10.64 12.59 14.45 16.81 18.55
7 1.239 1.690 2.167 2.833 12.02 14.07 16.01 18.48 20.28
8 1.646 2.180 2.733 3.490 13.36 15.51 17.53 20.09 21.95
9 2.088 2.700 3.325 4.168 14.68 16.92 19.02 21.67 23.59
10 2.558 3.247 3.940 4.865 15.99 18.31 20.48 23.21 25.19
11 3.053 3.816 4.575 5.578 17.28 19.68 21.92 24.72 26.76
12 3.571 4.404 5.226 6.304 18.55 21.03 23.34 26.22 28.30
13 4.107 5.009 5.892 7.042 19.81 22.36 24.74 27.69 29.82
14 4.660 5.629 6.571 7.790 21.06 23.68 26.12 290.14 31.32
15 5.229 6.262 7.261 8.547 22.31 25.00 27.49 30.58 32.80
16 5.812 6.908 7.962 9.312 23.54 26.30 28.85 32.00 34.27
17 6.408 7.564 8.672 10.09 24.77 27.59 30.19 33.41 35.72
18 7.015 8.231 9.390 10.86 25.99 28.87 31.53 34.81 37.16
19 7.633 8.907 10.12 11.65 27.20 30.14 32.85 36.19 38.58
20 8.260 9.591 10.85 12.44 28.41 31.41 34.17 37.57 40.00
21 8.897 10.28 11.59 13.24 29.62 32.67 3548 38.93 41.40
22 9.542 10.98 12.34 14.04 30.81 33.92 36.78 40.29 42.80
23 10.20 11.69 13.09 14.85 32.01 35.17 38.08 41.64 44.18
24 10.86 12.40 13.85 15.66 33.20 36.42 39.36 42.98 45.56
25 11.52 13.12 14.61 16.47 34.38 37.65 40.65 4431 46.93
26 12.20 13.84 15.38 17.29 35.56 38.89 41.92 45.64 48.29
27 12.88 14.57 16.15 18.11 36.74 40.11 43.19 46.96 49.64
28 13.56 15.31 16.93 18.94 37.92 41.34 44.46 48.28 50.99
29 14.26 16.05 17.71 19.77 39.09 42.56 45.72 49.59 52.34
30 14.95 16.79 18.49 20.60 40.26 43.77 46.98 50.89 53.67
35 18.51 20.57 22.47 24.80 46.06 49.80 53.20 57.34 60.27
40 22.16 24.43 26.51 29.05 51.81 55.76 59.34 63.69 66.77
50 29.71 32.36 34.76 37.69 63.17 67.50 71.42 76.15 79.49
100 70.06 74.22 77.93 82.36 118.5 124.3 129.6 135.8 140.2
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Percentage points of the 7 distribution

A
lp% lp%
2 2
N
P% 1 5 2 1
A%
116314 12.71 31.82 63.66
212.920 4.303 6.965 9.925
312353 3.182 4.541 5.841
412,132 2.776 3.747 4.604
512.015 2.571 3.365 4.032
6]1.943 2.447 3.143 3.707
7| 1.895 2.365 2.998 3.499
811.860 2.306 2.896 3.355
911.833 2.262 2.821 3.250
10| 1.812 2.228 2.764 3.169
111.796 2.201 2.718 3.106
12 11.782 2.179 2.681 3.055
1311.771 2.160 2.650 3.012
14 1 1.761 2.145 2.624 2977
15| 1.753 2.131 2.602 2.947
20| 1.725 2.086 2.528 2.845
30| 1.697 2.042 2.457 2.750
50| 1.676 2.009 2.403 2.678
100 | 1.660 1.984 2.364 2.626
oo | 1.645 1.960 2.326 2.576 = percentage points of the Normal distribution N(0, 1) ‘

© OCR 2020

Percentage points of the normal distribution

% %

P 10 5 2 1

z | 1.645 1.960 2.326 2.576
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Critical values for the Wilcoxon Single Sample test

15

1-tail 5% 2% 1% 2% 1-tail 5% 2% 1% 2%
2-tail 10% 5% 2% 1% 2-tail 10% 5% 2% 1%
n n

26 110 98 84 75
2 - - - - 27 119 107 92 83
3 - - - - 28 130 116 101 91
4 - - - - 29 140 126 110 100
5 0 - - - 30 151 137 120 109
6 2 0 - - 31 163 147 130 118
7 3 2 0 - 32 175 159 140 128
8 5 3 1 0 33 187 170 151 138
9 8 5 3 1 34 200 182 162 148
10 10 8 5 3 35 213 195 173 159
11 13 10 7 5 36 227 208 185 171
12 17 13 9 7 37 241 221 198 182
13 21 17 12 9 38 256 235 211 194
14 25 21 15 12 39 271 249 224 207
15 30 25 19 15 40 286 264 238 220
16 35 29 23 19 41 302 279 252 233
17 41 34 27 23 42 319 294 266 247
18 47 40 32 27 43 336 310 281 261
19 53 46 37 32 44 353 327 296 276
20 60 52 43 37 45 371 343 312 291
21 67 58 49 42 46 389 361 328 307
22 75 65 55 48 47 407 378 345 322
23 83 73 62 54 48 426 396 362 339
24 91 81 69 61 49 446 415 379 355
25 100 89 76 68 50 466 434 397 373
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